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This research develops two novel numerical methods for applications in fracture mechanics:
(I) A new crack tip enrichment function in the extended finite element method (XFEM)
[1], and (II) a discrete damage zone model for quasi-static and fatigue delamination in
composites [2, 3].
The first method improves XFEM when applied to general nonlinear materials when
crack tip analytical solutions are not available. For linear elastic materials, Branch functions
are commonly used as crack tip enrichments. Typically, these are four functions derived
from linear elasticity theory and added as additional degrees of freedom. However, for
general inelastic material behavior, where the analytical solution and the order of singularity
are unknown, Branch functions are typically not used, and only the Heaviside function
is employed. This however may introduce numerical error, such as inconsistency in the
position of the crack tip. Hence, a special construction of Ramp function is proposed as
tip enrichment, which may alleviate some of the problems associated with the Heaviside
function when applied to general nonlinear materials, especially ones with no analytical
solutions available [1]. The idea is to linearly ramp down the displacement jump on the
opposite sides of the crack to the actual crack tip, which may stop the crack at any point
within an element, employing only one enrichment function. Moreover, a material length
scale that controls the slope of the ramping is introduced to allow for better flexibility in
modeling general nonlinear materials.
Numerical examples for ideal and hardening elasto-plastic and elasto-viscoplastic ma-
terials are given, and the convergence studies show that a better performance is obtained
by the proposed Ramp function in comparison with the Heaviside function. Nevertheless,
when analytical functions, such as the Hutchinson-Rice-Rosengren (HRR) fields, do exist
(for very limited material models), they indeed perform better than the proposed Ramp
function. However, they also employ more degrees of freedom per node and hence are more
expensive.
The second method developed in this thesis is a discrete damage zone model (DDZM)
to simulate delamination in composite laminates. The method is aimed at simulating frac-
ture initiation and propagation within the framework of the finite element method [2]. In
this approach, rather than employing specific cohesive laws, we employ damage laws to
prescribe both interface spring softening and bulk material stiffness degradation to study
crack propagation. For a homogeneous isotropic material the same damage law is assumed
to hold in both the continuum and the interface elements. The irreversibility of damage
naturally accounts for the reduction in material strength and stiffness if the material was
previously loaded beyond the elastic limit. The model parameters for interface element are
calculated from the principles of linear elastic fracture mechanics.
The model is implemented in Abaqus and numerical results for single-mode as well as
mixed-mode delamination are presented. The results are in good agreement with those
obtained from the virtual crack closure technique (VCCT) and available analytical solu-
tions, thus, illustrating the validity of this approach. The suitability of the method for
studying fracture in fiber-matrix composites involving fiber debonding and matrix cracking
is demonstrated.
Finally, the DDZM method is extended to account for temperature dependent fatigue
delamination in composites [3]. The interface element softening is described by a combina-
tion of static and fatigue damage growth laws so as to model delamination under high-cycle
fatigue. The dependence of fatigue delamination on the ambient temperature is incorpo-
rated by introducing an Arrhenius type relation into the damage evolution law. Numerical
results for mode I, mode II and mixed mode delamination growth under cyclic loading are
presented and the model parameters are calibrated using previously published experimental
data. Then, predictions are made under varying mode mix conditions and are compared
with numerical results in the literature.
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Chapter 1
Introduction
This chapter provides an introduction to various finite element methods for static and fatigue
fracture simulations, such as the extended finite element method (XFEM) for linear elastic
fracture mechanics (LEFM), cohesive zone model (CZM), discrete cohesive zone model
(DCZM) and their relationship with the damage mechanics. Section 1.1 introduces the
objectives of this research. Section 1.2 briefly reviews the background and theory for each
of the available numerical methods and introduces the motivation of the newly proposed
methods. Finally, Section 1.3 presents the outline for the remainder of the thesis.
1.1 Objectives
This research develops two novel methods. The first method proposes a new and effective
tip enrichment function in XFEM for general nonlinear materials, and the second method
develops a discrete damage zone model (DDZM) for static and fatigue delamination in
composites. The research tasks in this work have mainly focused on the following:
i Development of a Ramp function as a new crack tip enrichment function in XFEM to
simulate general nonlinear material behavior.
ii Development of a discrete interface element from the perspective of damage mechanics
for static delamination simulations in composites.
CHAPTER 1. INTRODUCTION 2
iii Extension of the discrete damage zone model to model fatigue induced delamination in
composites, accounting for temperature effects.
1.2 Overview of the methods for static and fatigue fracture
simulations
1.2.1 Overview of the extended finite element method (XFEM) and tip
enrichment functions
The extended (or generalized) finite element method (XFEM) offers great flexibility in
modeling weak and strong discontinuities [11–16]. XFEM alleviates the need for meshing
the domain so that it is aligned with the discontinuities, and consequently a structured
mesh may be employed [17]. The key idea of XFEM is to locally enrich the standard
FEM approximation with partition of unity functions chosen according to the physics of
the problem at hand [18]. As a result, discontinuities may not only be better approximated,
but also geometrical features, such as cracks, holes and inclusions, can be separated from its
mesh generation. Since the development of XFEM by Belytschko and co-workers [11, 12],
it has been successfully applied to fracture problems [12, 19–21], dislocations [22, 23], shear
bands [24–26], two-phase fluid flows [27], damage assessment of structures [28–30], topology
optimization [31, 32] and others [33–35]. For a more exhaustive review, the reader is referred
to [36, 37].
For crack problems in elasticity, two types of enrichment functions are typically used:
Branch functions are employed to capture the solution field near the crack tip and there-
fore used to enrich nodes associated with the tip element, and a Heaviside function for
element nodes fully cut by a crack. Branch functions are well known and have been derived
from analytical solutions in elasticity. However, for nonlinear materials, such as various
elasto-plastic materials and coupled elasto-thermo-viscoplastic materials (commonly used
to model shear bands), analytical solutions are not always available. For such cases, Branch
functions are not valid tip enrichments. For example, some problems may have crack tip
singularities of different strengths or may not have any singularities (e.g. ideal plasticity
[38–40]), although they have been used in elasto-plastic fracture analysis [41].






Figure 1.1: Conventions of coordinate and geometry at crack tip
On the other hand, for some special nonlinear materials, e.g. elasto-plastic materials
with hardening, analytical expressions for the displacement and stress fields are available.




















where α, σ0, ε0 and n are material constants, reference yield stress and strain, and strain
hardening exponent, respectively. r and θ describe the polar coordinate system shown in
Figure 1.1, where r is the distance and θ is the angle to any point from the tip. J is the
value of Rice’s J-integral [44], and σ˜ij , ε˜ij and u˜i are dimensionless angular functions. These
HRR fields reduce to linear elastic crack as n −→ 1, and describe an ideal plastic crack as
n −→ ∞. By applying Fourier analysis, the approximated expansions for σ˜ij , ε˜ij and u˜i
may be found. These fields have been used to enrich the displacement fields for hardening
elasto-plastic materials [38]. Nonetheless, it is not obvious how many terms from these
Fourier series one should employ to obtain reasonable behavior.
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For many other nonlinear problems, e.g. thermo-viscoplasticity, analytical expressions
are usually not available and the Heaviside function is used as tip enrichment function
[33, 45]. Other similar approaches are the method in [46] and the phantom node method
[25]. However, if the tip element nodes are enriched by the Heaviside function, the numerical
tip will always propagate to the edge of the element, which is not the true position of the
crack tip, leading to inconsistency in modeling. Hence, finer meshes are required for crack
modeling in such materials.
In order to better handle general nonlinear materials and alleviate this inconsistency, a
special construction based on a Ramp function is proposed in this thesis, as tip enrichment
function, to linearly ramp down the displacement jump on both sides of the crack to the
actual crack tip. Ramp functions have been used before, especially in modeling weak dis-
continuities [34, 47], material interfaces and junctions [35], and solidification problems [48].
However, as opposed to the above mentioned papers, the proposed enrichment is for strong
discontinuity problems and therefore a different construction is proposed. Moreover, the
proposed ramping is based on a material length scale which can be tuned accordingly for
different material models.
1.2.2 Overview of cohesive zone models (CZM) for static fracture simu-
lations
Failure in composite laminates predominantly occurs due to delamination or fiber debond-
ing, however, other failure mechanisms such as matrix cracking and fiber fracture also play
a significant role. Numerical simulation of fracture (or damage) initiation and propagation
in composites is a difficult problem, even in two-dimensions, since one has to deal with
multiple cracks and predict their complex crack paths [49, 50]. Therefore, we need special-
ized numerical schemes and to this end we pursue a discrete damage zone model within the
framework of the finite element method (FEM).
When material nonlinearities can be neglected, linear elastic fracture mechanics (LEFM)
criterion may be used in conjunction with the FEM to simulate delamination. In this
approach only one set of parameters, either the strain energy release rates, GIC, GIIC, GIIIC
[51] or the stress intensity factor, KIC,KIIC,KIIIC [52], are required to determine crack
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propagation. These parameters may be computed using numerical techniques such as the
virtual crack closure [53, 54] or the J-integral [44]. Due to its simplicity and effectiveness,
LEFM has been widely used to tackle delamination problems [55–57]. However, LEFM
requires the presence of an initial crack and a negligible size of the fracture process zone at
the crack tip, which constrains the applications of this approach in composite and quasi-
brittle materials where the size of process zone may exceed the characteristic length scales
[58]. Also, for multidimensional applications, problems arise when dealing with multiple
cracks propagating simultaneously [49].
In order to overcome the above issues associated with LEFM, cohesive zone models
(CZMs) have been proposed. The theory of the CZMs dates back to the well-known
Barenblatt-Dugdale model which introduces the concept of bounded stress within the cohe-
sive zone at the crack tip [59, 60]. This concept has been widely used in numerical simulation
for studying: damage phenomena in brittle composite materials [61], dynamic crack growth
in brittle solids [62, 63], dynamic failure in homogeneous and functionally graded materi-
als [64]. Recently, CZMs have also been implemented within the framework of extended
Voronoi cell finite element method (X-VCFEM) [65, 66]. Typically, CZMs require two sets
of parameters to determine the traction-separation relationship, namely, the fracture ener-
gies and the cohesive strengths. These two sets of parameters are usually determined by
comparing the experimentally measured fracture behavior with that obtained from the CZM
simulation using an idealized cohesive law [67–71]. Some researchers have shown that the
shape of a cohesive model, such as triangular, exponential and trapezoidal, has less effect
on the numerical results than the values of fracture energies and cohesive strengths, and the
implementation schemes [72–77]. However, the shape of softening region of a cohesive law
and the specific integration scheme may cause computational problems such as convergence
difficulties (see Appendix D), mesh sensitivity, and oscillation in traction results [4, 78, 79].
In order to get around the above computational issues associated with the continuum
cohesive zone model, an interface model for delamination using spring elements was intro-
duced by Cui and Wisnom [80]. The advantages of this interface spring element model
are that it is very simple and can handle singular and non-singular problems in a unified
way. Furthermore, no assumption of an initial crack or defect or the knowledge of crack
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path is necessary. However, Cui and Wisnom [80] only considered linear elastic perfectly
plastic behavior (i.e. no softening) of the springs. Later, Xie and Waas [81, 82] proposed
the discrete cohesive zone model (DCZM) to model spring softening by assuming bilinear
force-displacement laws that were based on bilinear traction-separation laws of continuum
cohesive zone models (CCZMs). This discrete approach is shown to avoid the computa-
tional issues of the CCZMs [80–82]. The convergence, accuracy, and mesh sensitivity of the
DCZM were illustrated for benchmark problems including single and mixed-mode fracture
in [81, 82]. However, the DCZM has some unavoidable disadvantages. First, the DCZM is
highly dependent on available CZMs, which requires rich experience, necessary idealization
and intuition. Second, the DCZM has only been tested for bilinear traction-separation law
and its extension to other shapes of cohesive laws is not discussed. Further, the negative
tangent stiffness in the softening region of the assumed cohesive law may lead to compu-
tational problems. Third, the idea of DCZM is within the framework of the CZM, which
restricts the applicability of this method, that is, the DCZM can only be implemented in
the interface spring elements while the bulk material is still considered to be undamaged.
Moreover, most cohesive modeling approaches (both continuum and discrete) are reversible
because the interface is assumed to be elastic; although, a few cohesive models account for
the irreversibility by introducing a separate damage parameter [83, 84].
To address the above mentioned shortcomings of the discrete cohesive zone model, we
propose a discrete damage zone model (DDZM) wherein the force-displacement behavior of
the interface springs element is developed from the perspective of Continuum Damage Me-
chanics (CDM). In the proposed model, a rigorous formulation is employed where damage
is allowed to occur both in the bulk material and in the interface spring elements simul-
taneously in response to the applied load. For a homogeneous isotropic material the same
damage law is assumed to hold in both the bulk and interface elements, whereas for a lam-
inate, especially one with the interface glued using a resin or an adhesive, the damage law
may be different in the bulk and interface elements. The irreversibility of damage naturally
accounts for the reduction in material strength and stiffness if the material was previously
loaded beyond the elastic limit. Thus, the DDZM fully exploits the relationship between
damage mechanics and cohesive laws. Further, the method can be useful in solving more
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general fracture problems such as crack growth in fiber-matrix composites through a com-
bination of interface delamination and continuum matrix cracking damage. The proposed
DDZM is implemented in the commercial finite element analysis software Abaqus via the
user defined subroutine UEL.
1.2.3 Overview of cohesive zone models (CZM) for fatigue fracture sim-
ulations
Generally, delamination in the structural components, subject to monotonic and/or cyclic
loading, develops under varying mode mix conditions due to the curved structural geometry
and different lamina ply orientation [9, 85]. Under cyclic loading, delamination occurs
at relatively low loads due to the gradual accumulation of damage at the interface over
the number of loading cycles. Furthermore, aerospace structural components experience
environmental fatigue and experimental observations suggest that elevated temperatures
and humidity accelerate the delamination process [86–88]. Therefore, we propose a discrete
damage zone model to study temperature dependent fatigue delamination under mixed
mode cyclic loading.
Damage mechanics can appropriately describe this material degradation or decohesion
within the framework of irreversible thermodynamics and, therefore, is suitable for modeling
fatigue delamination or subcritical crack growth under cyclic loading. There exist several
models that extend the CZMs for monotonic loading into forms suitable for cyclic loading
by introducing a damage variable to incorporate irreversibility. In an early model de-Andres
et al. [89] attempted to apply a cohesive law wherein a damage parameter for the cohesive
zone material was explicitly adjusted with increasing number of loading cycles. Yang et
al. [90] developed a cohesive law that describes separately the unloading and reloading
processes and creates a hysteresis loop between unloading and reloading paths. Later,
Roe and Siegmund [83, 91] developed fatigue crack growth by incorporating a damage
evolution equation for cyclic loading using the effective stress concept. Other approaches
detailed in [84, 92] also incorporated irreversible behavior into their cohesive formulations
for cyclic loading, however, in all these formulations [83, 84, 89–92] damage accumulation
was calculated on a cycle-by-cycle analysis and is only suitable for low cycle fatigue.
CHAPTER 1. INTRODUCTION 8
For high-cycle fatigue, tracking the damage variable in time during each individual cycle
would be computationally very expensive. Instead, it would be efficient to formulate the
fatigue damage growth relations in cycle-based format by assuming the damage increment
per cycle to be very small [93, 94]. Robinson and co-workers [95, 96] extended the bilinear
cohesive law for the continuum interface element by incorporating the Peerlings law for
fatigue damage [94]. Turon et al. [97] proposed a new damage model for the delamination
in composites under high-cycle fatigue by relating the damage evolution rate dD/dN to
the crack propagation rate da/dN given by the Paris law. Harper et al. [6] detailed the
extraction of strain energy release rate from the cohesive zone and presented a new fatigue
damage formulation that preserves the direct link with linear elastic fracture mechanics.
Recently, Landry et al. [98] developed a new model for progressive delamination of a
composite subjected to mode I fatigue loading of varying amplitudes. In all these models
for high-cycle fatigue [6, 95–100], a separate damage variable is introduced into a continuum
cohesive zone model given by a bilinear traction separation law.
The proposed cohesive element is a nonlinear spring placed at the finite element nodes
of the laminate interface [2]. The constitutive law governing the discrete interface element’s
behavior is derived entirely from the perspective of Continuum Damage Mechanics (CDM)
[101, 102]. The current approach is unique in the sense that we interpret the fracture process
zone as a damage zone, rather than a cohesive zone; and so, there is no need to assume a
cohesive law and a damage law separately. In addition, the model considers the temperature-
and mode- dependence of damage growth under fatigue. The irreversibility of damage
naturally accounts for the permanent reduction in material strength and stiffness when the
material is loaded beyond the elastic limit. The formulation is numerically implemented
in the commercial finite element analysis software Abaqus via the user defined subroutine
UEL.
1.3 Outlines
The remainder of this thesis is organized as follows: In Chapter 2, a Ramp function is
proposed as the tip enrichment function in XFEM for general nonlinear materials. Section
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2.1 presents a brief review of XFEM for strong discontinuities. The formulation of the
proposed Ramp function is introduced in Section 2.2. Section 2.3 presents convergence
studies and make comparisons to other enrichment functions for elasto-plastic and elasto-
viscoplastic materials. Clearly, when the displacement field is known by analytical means,
e.g. the HRR fields for elasto-plastic-materials, this provides the best convergence rates.
However, for other cases, such as elasto-viscoplastic materials when an analytical form does
not exist, the proposed Ramp function has clear advantages over the Heaviside function
for crack tip, allowing the tip to stop at any point within the tip element. In addition, an
illustrative example for micro-cracks modeling is given in Appendix A which demonstrates
the effectiveness of the proposed method to stop crack tip continuously within the tip
element.
In Chapter 3, a discrete damage zone model for static delamination simulations in
composites is presented. In Section 3.1 the formulation and numerical implementation of
the DDZM based on Mazars exponential damage law [103] for a brittle material is presented.
In Section 3.2 the numerical results for benchmark problems obtained from the DDZM are
compared to those obtained form the VCCT and analytical solutions [4]. Also, the fracture
of a square unit cell of a fiber-matrix composite is studied.
In Chapter 4, the formulation of the DDZM for high-cycle fatigue is discussed in Sec-
tion 4.1; in Section 4.2 the numerical implementation and the time integration scheme are
described; in Section 4.3 the numerical results of mode I, mode II and mixed mode delami-
nation analysis are presented. The model parameters are calibrated under mode I, mode II
and mixed mode for a single mode mix ratio; and then, validated using Paris law parameters
for other mode mix ratios. Also, the dependence of fatigue delamination on the ambient
temperature is calibrated using published experimental data.
CHAPTER 2. A NEW CRACK TIP ENRICHMENT FUNCTION IN THE EXTENDED
FINITE ELEMENT METHOD FOR GENERAL INELASTIC MATERIALS 10
Chapter 2
A new crack tip enrichment
function in the extended finite
element method for general
inelastic materials
2.1 Brief overview of the XFEM for strong discontinuities
The key idea of XFEM, in modeling strong discontinuities, is to locally enrich the standard
finite element approximation with enrichment functions that can capture the displacement
jumps due to cracks and singular fields near the tips.
Consider a linear elastic domain Ω ⊂ Rn (n = 1, 2, 3), discretized by Nel elements. The














where x = {x, y, z}T are the spatial coordinates. N,Ncr and Ntip are the sets of all nodes,
jump enriched nodes and tip enriched nodes, respectively, as shown in Figure 2.1. NI(x)
are the typical shape functions associated with standard degrees of freedom uI . aJ and bαK
are the degrees of freedom associated with enriched nodes.
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Figure 2.1: A typical mesh in XFEM with enriched nodes for a given crack. Circles denote
nodes enriched by the Heaviside function and squares denote nodes enriched by Branch
functions.
For linear elastic problems, Branch functions, derived from linear elasticity, are employed
to enrich tip nodes, denoted by Ntip, and are given by





















where r and θ are local radial coordinates at the crack tip, as shown in Figure 1.1. Element






where Γ+c and Γ
−
c denote the two edges of the discontinuity.
For general nonlinear material behaviors, only the Heaviside function is used as tip enrich-
ment function [25, 45, 46], as the strength of singularity (if exists) is generally not known.
However, employing only the Heaviside function may not be the best choice as it can cause
an inconsistency in crack tip position between the numerical model and the actual physics.
In Figure 2.2, we illustrate three approaches used to enrich nodes of the tip element and the
resulting numerical tip (the actual tip is assumed to stop at the center of the tip element).
(a) Four nodes of the tip element are enriched by Branch functions and the numerical crack
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Figure 2.2: Schematic illustration of the numerical crack tip modeled by different tip en-
richment functions (assuming that the true crack tip stops at the center of the tip element),
(a) Four tip nodes are enriched with Branch functions, (b) Two tip nodes are enriched with
Heaviside function, (c) Two nodes are enriched with a modified Heaviside function based
on the virtual element.
stops at the same position as the physical crack (shown in Figure 2.2(a)). (b) Two nodes
of the tip element are enriched by the Heaviside function (shown in Figure 2.2(b)). In this
case, the numerical tip automatically propagates to the edge of the tip element, no matter
where the actual crack tip is prescribed. (c) A modified Heaviside function (shown in Figure
2.2(c)) that was proposed in [104] attempts to resolve the above mentioned problem. While
this formulation relieves the problem of inconsistency between the numerical and physical
tip, it creates an artificial discontinuity perpendicular to the crack line, shown by the dashed
line. In the next section we propose and discuss a different technique to resolve some of the
above mentioned limitations.
2.2 Proposed new crack tip enrichment function
To overcome some of the difficulties associated with the Heaviside function used as tip
enrichment, we propose a new crack tip enrichment for general inelastic material models.
The idea is to linearly ramp down the displacement jump to the crack tip, located at some
point within the tip element. While linear Ramp function is not optimal for all material
models, our goal is to develop a general purpose enrichment method, which is independent
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of material model.








where R(x) is the the tip enrichment given by:
R(x) = Φ(x) · H˜(x) · 1
ls
(2.5)
where H˜(x) is the shifted Heaviside function, H˜(x) = H(x) − H(xJ), which is used to
create the opening displacement. Φ(x) is a one side Ramp function defined by:
Φ(x) =

|xtip − x| if Ψx < 0
0 if Ψx ≥ 0
(2.6)
where Ψx is a level set function (or a local coordinate system) in a self similar direction of
the crack as shown in Figure 2.3. The Φ(x) function is very close to the weak discontinuity
function first proposed in [47]. Note that this distance function is already computed when
employing the level set description. ls is a material length scale which determines the slope
of the Ramp function, as depicted in Figure 2.4.
In general, the choice of ls is problem dependent, determined by the material law used.
This length scale may be associated with the plastic process zone [105], cohesive law [59],
shear band thickness [24, 106], and others [107, 108].










where ls represents the notion of crack increment. KI is the stress intensity factor under
mode I loading and σys is the initial yield stress.
A different model, known as the Strip Yield Model, proposed by Dugdale [59], suggest the
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Figure 2.4: Schematic illustration of length scale: ls
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Figure 2.5: Illustration of the distribution of proposed enrichment function R(x) in the tip
element and the elements fully cut by the crack, (a) 3D view, (b) top view, (c) side view.
The enrichment function R(x) proposed in this work is illustrated in Figure 2.5, for the tip
element and an adjacent element fully cut by the crack. It can be seen that the enrichment
function is a linear function that starts from ±1, depending on the crack side, and goes
linearly to zero at the crack tip.
2.3 Numerical simulations for general nonlinear materials
We illustrate the performance of the proposed method on a set of different material mod-
els with a center crack under mode I loading, as shown in Figure 2.6(a). In particular,
we consider ideal and hardening elasto-plastic and elasto-viscoplastic materials, where the
strength of the singularity varies [109–112].
The right edge of the plate is fixed, and normal traction boundary conditions are applied
on both the top and bottom edges. Since there are no analytical solution available for this
problem, we use results obtained from standard FEM with an unstructed refined mesh as
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Figure 2.6: Illustration of the problem studied and the FEM reference mesh
the reference solution. The FEM mesh is shown in Figure 2.6(b). For the inelastic materials
considered, Newton’s method is employed to solve the nonlinear equations together with a
standard radial return mapping algorithm [113] at every gauss point. Structured meshes are
employed with XFEM and various tip enrichment functions are considered. Convergence




















where u, ε and σ are the solutions of displacement, strain and stress of either the XFEM or
FEM. The norms are normalized as ‖uxfem−ufem‖2/‖ufem‖2 and ‖uxfem−ufem‖E/‖ufem‖E .
Note that to compute these norms, we project the XFEM solution onto the FEM solution,
which is done simply by evaluating XFEM quantities on the FEM reference mesh. In
addition, we divide our studies into two groups, so called Group I and Group II. In Group
I, the crack tip lies on the edge of the tip element; while in Group II, the crack tip stops at the
center of the tip element. It will be shown in the following examples that while the proposed
Ramp function performs similar to the Heaviside function in Group I, it outperforms the
Heaviside in Group II studies.
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Table 2.1 shows the test cases and the corresponding figures we study in this thesis. For
the studies conducted in Group I, we have chosen ls = h




he is the element length.
Table 2.1: Summary of Figures for convergence studies and material tests
elasto-plastic elasto-viscoplastic
material material
studies Group I Group II Group I Group II
convergence in displacement norm Figure 2.9 Figure 2.13 Figure 2.17 Figure 2.20
convergence in energy norm Figure 2.10 Figure 2.14 Figure 2.18 Figure 2.21
crack opening displacement Figure 2.11 Figure 2.15 Figure 2.19 Figure 2.22
material tests Figure 2.7 Figure 2.16
2.3.1 Center crack in ideal and hardening elasto-plastic materials
We study the performance of the proposed enrichment function R(x) for ideal and hardening
elasto-plastic materials. The material is modeled by a standard J2 plasticity and only
isotropic hardening is considered. For such material, the yield function is given by:
f(σ1, σ2, σ3) = σe − r − σy = 0 (2.12)
Where, σ1, σ2 and σ3 are principle stresses. σe is the effective stress, J2 is the second
invariant of the deviatoric stress tensor, and σy is the yield stress. r is considered as an
isotropic hardening force, obtained from r = hεp, where h is a hardening parameter and εp
is the plastic strain.
The material parameters used are: Youngs modulus of E = 1.0e7 and Poisson ratio of
ν = 0.3. The hardening parameter h is chosen to be 0.0, 1.26e6, and 1.26e7, which indicate
ideal plasticity (no hardening), medium hardening and large hardening, respectively. These
represent materials with a varying strength of singularity at the tip (from no singularity in
the case of ideal plasticity to high singularity). The dimensions of the problem is 10 by 10
units. The various hardening laws are illustrated in Figure 2.7 for a corner element that
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Figure 2.7: Constitutive law tests for elasto-plastic material, (a) boundary conditions and
loading, (b) effective stress vs. effective strain with three different hardening parameters.
Convergence studies for ideal plasticity are shown in Figure 2.8 for Group I (crack stopping
at the edge) and Figure 2.12 for Group II (crack stopping at the center of the element). For
ideal plasticity, three kinds of tip enrichments are implemented and compared: the Heaviside
function, HRR trigonometric functions given in [38] and the proposed Ramp function. As
expected, for a crack stopping at an edge of the element (Group I), the Heaviside function
and the Ramp function perform similarly with minor differences in comparison to Group II.
However, large difference is observed for Group II, with the R(x) function performs better
than the H(x) enrichment.
Yet, it can also be seen that HRR trigonometric solutions outperform both methods. This
suggests that if an analytical solution is known and can be employed to enrich the tip
element, it may give the best results. However, there are very limited cases where such
solution is available. For an entire set of materials, it is not possible to obtain the fields
near the tip and hence the proposed enrichment could be used.
For elasto-plastic material with hardening in Group I, two enrichments are compared, the
Heaviside function and the Ramp function. The convergence results of displacement norm
and energy norm are shown in Figure 2.9 and 2.10. A plot showing the crack opening and
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(a) (b)
Figure 2.8: Convergence results of displacement norm and energy norm for ideal plasticity
with different tip enrichment functions in Group I, (a) Displacement norm, (b) Energy
norm.
a closer view of the crack tip are given in Figure 2.11.
The convergence results for plasticity with hardening in Group II are shown in Figure 2.13
and 2.14. Similarly, the crack opening displacement and a zoom of the crack tip are shown
in Figure 2.15.
In summary, better convergences for both displacement norm and energy norm are obtained
with the proposed Ramp function that is used as tip enrichment, in particular when the
crack stops at some point in the element. In addition, the crack opening plots confirm that
the R(x) is much closer to the reference solution.
2.3.2 Center crack in elasto-viscoplastic materials
We study the performance of the method for elasto-viscoplastic materials. These materials
are rate dependent and hence no analytical solutions are available in the literature. In
particular, we study three isotropic hardening parameters, which represent no hardening,
medium hardening and large hardening. The material model [114] used in this thesis is
given by:
p˙ = φ(σe, r) = α sinhβ(σe − r − σy) (2.13)
Where, p˙ is plastic strain rate. α and β are material parameters chosen as α = 0.2418e− 6
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Figure 2.9: Convergence results of displacement norm obtained from two tip enrichments
(Heaviside function and Ramp function) with three material hardening parameters for plas-
ticity in Group I
Figure 2.10: Convergence results of energy norm obtained from two tip enrichments (Heav-
iside function and Ramp function) with three material hardening parameters for plasticity
in Group I
CHAPTER 2. A NEW CRACK TIP ENRICHMENT FUNCTION IN THE EXTENDED
FINITE ELEMENT METHOD FOR GENERAL INELASTIC MATERIALS 21
(a) (b)
Figure 2.11: The shape of crack opening obtained from different tip enrichments for ideal
plasticity in Group I, (a) the entire crack opening, (b) zoom at the crack tip
(a) (b)
Figure 2.12: Convergence results of displacement norm and energy norm for ideal plasticity
with different tip enrichment functions in Group II, (a) Displacement norm, (b) Energy
norm.
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Figure 2.13: Convergence results of displacement norm obtained from two tip enrichments
(Heaviside function and Ramp function) with three material hardening parameters for plas-
ticity in Group II
Figure 2.14: Convergence results of energy norm obtained from two tip enrichments (Heav-
iside function and Ramp function) with three material hardening parameters for plasticity
in Group II
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(a) (b)
Figure 2.15: The shape of crack opening obtained from different tip enrichments for ideal
plasticity in Group II, (a) the entire crack opening, (b) zoom at the crack tip
and β = 0.1135. σe is effective stress, and σy is the yield stress chosen as σy = 10 units.
The Youngs modulus is set to E = 1.0e3 and Poisson ratio to υ = 0.3. Three hardening
parameters are chosen: 0.0, 1.0e2 and 1.0e3, where h is a hardening parameter and εp is
the plastic strain.
A material test is shown in Figure 2.16(a), where the problem studied is similar to the
one in Section 4.1. The external loads are applied gradually with constant increment. In
the radial return method [113], dt = 1 is used to compute strain rate and plastic strain
increment. The effective stress and strain curves are shown in Figure 2.16.
Since no analytical or numerical approximated results are available, results obtained from
FEM are used as reference and only two enrichments are considered, the Heaviside function
and the Ramp function.
Convergence studies of displacement norm and energy norm for Group I are shown in Figure
2.17 and 2.18. The crack opening displacement and a zoom of its tip are shown in Figure
2.19.
For Group II, convergence results of displacement norm and energy norm are shown in
Figure 2.20 and 2.21. The crack opening and its zoom are shown in Figure 2.22.
Clearly, the Ramp function is more accurate and performs better than the Heaviside func-
tion. It can also be seen from the crack opening displacement plots that R(x) enrichment
is closer to the reference FEM solution.
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Figure 2.16: Constitutive law tests for an elasto-viscoplastic material, (a) boundary condi-
tions and loading, (b) effective stress vs. effective strain with three hardening parameters.
Figure 2.17: Convergence results of displacement norm obtained from two tip enrichments
(Heaviside function and Ramp function) with three material hardening parameters for vis-
coplasticity in Group I
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Figure 2.18: Convergence results of energy norm obtained from two tip enrichments (Heav-
iside function and Ramp function) with three material hardening parameters for viscoplas-
ticity in Group I
(a) (b)
Figure 2.19: The shape of crack opening obtained from different tip enrichment functions
for ideal viscoplasticity in Group I, (a) the entire crack opening, (b) zoom around crack tip.
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Figure 2.20: Convergence results of displacement norm obtained from two tip enrichments
(Heaviside function and Ramp function) with three material hardening parameters for vis-
coplasticity in Group II
Figure 2.21: Convergence results of energy norm obtained from two tip enrichments (Heav-
iside function and Ramp function) with three material hardening parameters for viscoplas-
ticity in Group II
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(a) (b)
Figure 2.22: The shape of crack opening obtained from different tip enrichment functions
for ideal viscoplasticity in Group II, (a) the entire crack opening, (b) zoom around crack
tip.
Finally, an illustrative example that depicts the viability of this approach for modeling
multiple micro-cracks is shown in Appendix A.
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Chapter 3
A discrete damage zone model for
fracture initiation and propagation
3.1 Discrete Damage Zone Model (DDZM) Formulation for
Static Loading
3.1.1 Discrete interface element
The proposed DDZM is developed from the perspective of continuum damage mechanics,
that is, the material failure is interpreted as a process of damage evolution resulting in the
degradation of material stiffness. The DDZM considers damage (failure) in both discrete
interfacial elements and continuum elements. Figure 3.1 shows a typical structured mesh
for the double cantilever beam (DCB) test wherein the discrete elements are placed at the
interface nodes as shown in the inset image. The continuum element is the traditional
two dimensional finite element for plane stress and the discrete interfacial element is a two
dimensional spring like element (i.e. it resists displacement along and perpendicular to its
axis) that connects the interface nodes [81, 82]. The initial crack is represented by a red line
where no spring elements are defined. The delamination progresses as the spring elements
behind the crack tip fail successively.
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Figure 3.1: A typical mesh for the double cantilever beam with discrete two dimensional
spring elements (having four degrees of freedom) placed at the interface. We consider a
structured mesh consisting square-shaped finite elements and “h” indicates the element
size. The crack is represented by a red line where the spring elements have failed. The
width of the beam measured along the perpendicular to its plane (of the paper) is assumed
to be one unit. The damage evolution is tracked at the Gauss points (×s) as well as in the
interface spring elements.
3.1.2 Discrete element constitutive law
The force-separation relationship for the discrete spring element is based on the continuum
damage evolution law governing the material behavior. Therefore, there is no additional
need to choose a cohesive zone law and one needs to only specify the material constitutive
model for the bulk continuum elements. In this section, we shall describe the procedure to
derive the discrete element constitutive law from a given material damage law. The linear
softening model is presented only to discuss the genesis of the idea and the exponential
softening model will be used in the implementation of the DDZM, which is discussed in
Section 3.1.4.
Linear softening: The general form of the bilinear force-separation (F − δ) law is given
in Figure 3.2. The elastic regime is defined by the region δ ∈ [0, δcr) and the softening
(damage) regime is given by δ ∈ [δcr, δmax], where δcr is the critical displacement
for damage initiation in the spring and δmax is the maximum displacement when the
springs stiffness reduces to zero (i.e. when the spring breaks). If at any point δ∗ > δcr,
when the damage in the spring is D = D∗, the spring is unloaded and then reloaded
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(b) Damage vs. separation
Figure 3.2: Linear softening (bilinear) law
it shall behave as a linear spring with reduced stiffness, K∗ as shown in Figure 3.2.
Thus, the relationship between the force in the spring, F ∗, and the critical force (also
the maximum force), F cr, is,
F ∗ = K∗δ∗ = (1−D∗)K0δcr δ
∗
δcr




where K0 is initial or undamaged stiffness of the spring. Since the softening regime





δmax − δcr . (3.2)
Comparing (3.1) and (3.2) we get the following relation for damage [115],
D∗ =
δmax(δ∗ − δcr)
δ∗(δmax − δcr) . (3.3)
Now, performing this exercise in reverse order we can start from a damage model,
D =

0, if δ < δcr,
δmax(δ − δcr)
δ(δmax − δcr) , if δ
cr ≤ δ ≤ δmax,
1, if δ > δmax.
(3.4)
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, if δ < δcr,
F cr
(δmax − δ)
(δmax − δcr) , if δ
cr ≤ δ ≤ δmax,
0, if δ > δmax.
(3.5)
Thus, starting from a damage law (e.g. equation (3.4)) we can derive a force-separation
law (e.g. equation (3.5)) and this is the general idea behind the DDZM.
Remark 1 One notable difference between the DDZM and the traditional cohesive
zone models is the irreversibility of damage in the DDZM. The irreversibility of the
damage process ensures that a discrete spring previously loaded beyond the elastic limit
and then unloaded behaves as a spring with reduced stiffness and maximum strength.
In other words, if a spring is unloaded at a point δ∗ > δcr and then reloaded the force-
separation law is given by the black line in Figure 3.2 (with slope K∗) till δ = δ∗ and
then by the blue line for δ∗ ≤ δ ≤ δmax. Thus, the DDZM naturally takes into account
the effects of loading history in fracture as opposed to cohesive laws.
Remark 2 The secant and tangent moduli for the softening portion of the curve are
given by,






(δmax − δcr) . (3.7)
It is clear from the above two equations that the tangent modulus for the softening
regime is negative and this may result in the lack of convergence [4, 78, 79]. There-
fore, the secant modulus that is always a non-negative quantity is used in the numerical
implementation of the discrete interfacial element in Section 3.1.4.
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Exponential softening: Herein, we derive a force-separation law for the spring element














(b) Damage vs. separation
Figure 3.3: Exponential softening law
the region δ ∈ [0, δcr) and the exponentially softening (damage) regime is given by
δ ∈ [δcr, δmax]. We set δmax = ∞ for this case. Now let us consider the continuum







exp (B(− cr)) , (3.8)
where A, B are material damage parameters and  is the uniaxial tensile strain. Let
us write a discrete damage law for the springs in terms of the separations based on
Mazars damage law as,




exp (B(δ − δcr)) . (3.9)
For simplicity of the expressions, but without loss of generality, we may assume the
parameter A=1.0 and introduce the above relation for damage (Eq. (3.9)) into the
force-separation relation for the spring (Eq. (3.1)). Thus, at a point δ∗ > δcr when the
damage in the spring is D∗, the spring is unloaded and then reloaded it shall behave
as a linear spring with reduced stiffness, K∗. This irreversible constitutive behavior
is depicted in Figure 3.3(a) wherein the solid arrows show the initial loading and
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unloading paths, and the dashed arrows show the reloading (dashed) path. During
unloading and reloading when δ ≤ δ∗ the damage remains constant D = D∗ as
indicated by the horizontal arrows in Figure 3.3(b). The relationship between the
force in the spring, F ∗, and the separation, δ∗, is given by,
F ∗ = (1−D∗)K0δ∗ = 1
exp (B(δ∗ − δcr))K
0δ∗. (3.10)
Thus, using Mazars’ damage model we can derive a relation between the force in the
spring, F , and the interfacial separation, δ as,
F =

K0δ = F cr
δ
δcr
, if δ < δcr,
K0δ
exp (B(δ − δcr)) = F
cr δ
δcr exp (B(δ − δcr)) , if δ ≥ δ
cr.
(3.11)
Thus, the procedure for deriving the F-δ law from damage is quite straightforward,
even so for more rigorous damage models proposed for laminates in the literature
[116]. In the current work, we consider Mazars damage law (Eq. (3.8)) to hold in the
continuum elements and the above derived force-separation law (Eq. (3.11)) in the
discrete spring elements. The non-negative secant modulus is used in the numerical
calculations.
Remark 3 The 1D damage law in equation (3.8) can be generalized to 3D by replacing
the uniaxial strain  with a multiaxial strain measure ∗ given by [117],
∗ =
(〈1〉2 + 〈2〉2 + 〈3〉2)1/2 , (3.12)
where 1, 2, 3 denote the principal strains; and the Macaulay brackets are defined such
that, 〈〉 =  if  ≥ 0 and 〈〉 = 0 if  < 0. However, we do not introduce any such
multiaxial separation measure in the spring constitutive laws, instead we introduce it
through a mixed mode fracture energy criterion [118].
3.1.3 Parameter identification
In this section we shall describe the procedure to identify the parameters of the exponential
force-separation relation derived from Mazars’ damage law. The parameters that need to
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be identified are: (1) the critical separation for damage initiation, δcr, (2) the initial or
undamaged stiffness of the spring element, K0, and (3) the damage coefficient, B. These
three parameters are determined from the principles of linear elastic fracture mechanics
(LEFM) given below:
i. The spring forces along and perpendicular to its axis are maximum when the corre-

































For a 2D finite element mesh (see Figure 3.1), we approximate ∆a = ls where ls is an
assumed constant length scale, that is, we assume the force in each spring acts on an








= F crt = τmax ls. (3.20)
Thus, the critical (or maximum) forces in the spring depend on the material cohesive
strengths and the length scale, ls. Note that the mesh size h may need to be smaller
than or equal to ls to better resolve the fracture process zone.
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iii. Rice [44] has shown that the area under the cohesive interaction curve corresponds to
the critical fracture energy, that is [119],∫ δmaxn
0
Tn(δn, 0) dδn = GIC, (3.21)∫ δmaxt
0
Tt(0, δt) dδt = GIIC. (3.22)
Substituting equations (3.17) and (3.18) in the above equations and taking ∆a = ls,
we can approximate the critical energy as,∫ δmaxn
0
Fn(δn) dδn = GIC ls, (3.23)∫ δmaxt
0
Ft(δt) dδt = GIIC ls. (3.24)
Thus, the critical energy required to break the discrete interface element depends on
the critical fracture strength and the length scale, ls.
Let us now calibrate the parameter of the exponential softening model for mode I open-
ing. In this case, we only need to calibrate Bn, δ
cr
n , and K
0
n, which are the parameters
corresponding to the normal force-separation (Fn-δn) relation. From the above LEFM prin-

























Substituting the above relations in (3.11), we can write the force-separation law for pure
mode I fracture as,








∀ δn > δcrn (3.28)
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Similarly, the force-separation law for pure mode II fracture can be written as,








∀ δt > δcrt , (3.30)





The absolute value of δt is used in equation (3.30) because the behavior is the same under
positive and negative shear. In general, for a given material the fracture energies GIC, GIIC
and the cohesive strengths σmax, τmax are obtained by comparing experimentally measured
values with idealized numerical simulations [77].
Remark 4 The current exponentially softening force-separation (F-δ) law for the discrete
spring element is similar to the mode I traction-separation law derived from the Xu and
Needleman model [62] (see Appendix B). The expressions for the traction-separation law


























The above equation (3.32) for normal traction matches with equation (3.28) for normal force
of the spring and so the latter may be interpreted as a lumped force at the finite element
node resulting from the traction in the fracture process zone. The expressions for tangential
traction for mode II fracture, given in equations (3.30) and (3.33), do not match exactly;
however, the shapes of resulting force-separation curves are quite similar.
Remark 5 More recently, a unified polynomial potential-based cohesive model known as the
PPR model was proposed [119]. The expressions for the normal traction for pure mode I
fracture and the corresponding damage law for the PPR model are given by,
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where Γn, α,m and δ
max
n are model parameters defined in [119]. Note that under pure mode
I the behavior of the PPR model is similar to that of the Xu and Needleman model for
certain chosen parameter values, however, the PPR is consistent and so more suitable for
mixed mode fracture analysis (see Appendix B and C).
3.1.4 Implementation of the Discrete Damage Zone Model
The discrete damage zone model is implemented within the framework of the finite element
method. In a general case scenario, when one does not know where fracture will initiate in
the domain a priori, every node of the finite element mesh needs to be defined as a double
nodes and the discrete spring elements connect these double nodes. However, for benchmark
problems such as the double cantilever beam (DCB), end notch fracture (ENF) and mixed
mode bending (MMB), it is sufficient to add the spring elements to the specific finite element
nodes where delamination or fracture is supposed to occur. For other examples involving
fiber-matrix or laminate composites, it is sufficient to introduce the spring elements at the
interface nodes and thus, reduce the computational cost.
Remark 6 In general, introducing either continuum or discrete cohesive elements induces
artificial compliance to the finite element model due to elasticity of the cohesive law. To
alleviate this numerical problem, bilinear cohesive zone models that reduce the compliance
by providing an adjustable initial slope in the cohesive law were proposed in [71, 120, 121].
In the case of DDZM, the initial slope of the force-separation law may also be adjusted by
selecting an appropriate length scale ls.
An illustration of the working of the discrete spring element for mode I crack opening
is given in Figure 3.4(a). The discrete elements in the vicinity of the crack tip are labeled
with numbers and the corresponding constitutive and damage states are shown in Figures
3.4(b) and 3.4(c). Obviously, as the separation δ gets larger than δcr the spring softens and
eventually fails when δ ≥ δmax. The proposed DDZM is implemented in the commercial
finite element analysis software Abaqus. The continuum bulk elements are defined as bi-
linear (4 noded) quadrilateral elements and the discrete spring elements are defined using
the user defined element subroutine UEL. The element definition and node numbering for
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(c) Damage vs. separation
Figure 3.4: An illustration of the working of the discrete spring element. The discrete ele-
ments in the vicinity of the crack tip are labeled with numbers in (a) and the corresponding
constitutive and damage states are shown in (b) and (c), respectively. As the separation δ
gets larger than δcr the spring softens and eventually fails when δ ≥ δmax.
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Figure 3.5: Sketch of the discrete element and the definition of the degrees of freedom in
global and local coordinates. The inclination of the spring is denoted by θ.
a typical spring element is shown in Figure 3.5. Since the springs elements are initially
inactive, their initial lengths are set to zero. The displacement degrees of freedom (DOFs)

















where (x, y) denotes the global Cartesian coordinate directions. Thus, the vector of dis-
placement of the discrete spring element is,
u = (u1, u2, u3, u4)
T . (3.37)













where R is the anticlockwise rotation matrix that is a function of the inclination θ of the
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spring element given by,
R =

cosθ sinθ 0 0
−sinθ cosθ 0 0
0 0 cosθ sinθ
0 0 −sinθ cosθ
 . (3.39)
















where Kn and Kt are the axial (normal) stiffness and transverse (tangential) stiffness,
respectively. Note that the stiffness of the spring is a function of its damage, that is,
Kn = (1−Dn)K0n , Kt = (1−Dt)K0t , (3.41)
where a “0” in the superscript denotes the initial or undamaged stiffness, Dn and Dt are
the axial and the transverse damage variables, respectively. Thus, the DDZM captures the
nonlinear zone behind the crack tip by lumping the non-zero traction and separation into
spring force and extension at the nodes. In addition, the irreversibility of damage naturally
captures the physical processes of material degradation occuring at the interface [91].
In order to define the above element via the UEL subroutine in Abaqus, we need to
define the element stiffness matrix, K (AMATRX), and the residual force vector, r (RHS),

























The equilibrium of the discrete interfacial element requires that, r1 = −r3 and r2 = −r4.
The corresponding element stiffness matrix is given by,




Kn 0 −Kn 0
0 Kt 0 −Kt
−Kn 0 Kn 0
0 −Kt 0 Kt
R. (3.43)
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Note that we approximate the element stiffness matrix with the secant stiffness since it is
always non-negative unlike the tangent stiffness which is negative for the softening regime.
The detailed Abaqus user element (UEL) algorithm for the mixed mode implementation is
given in Algorithm 1. Similarly, the scalar damage model is implemented in the continuum
elements via the Abaqus user element subroutine (UMAT).
Remark 7 Ideally, a unified model that describes both the constitutive relation and the
cohesive interaction is attractive. One approach is to define a generalized potential-based
constitutive model that captures the physical constitutive and fracture behavior through a
single potential function [119]. The proposed discrete modeling approach defines the deteri-
oration of continuum and discrete elements using a single damage law and thus, connects the
constitute and cohesive relations. In general, the adopted damage model should be uniquely
derived based on thermodynamics, however, in the current study we assume Mazars damage
model [103] to demonstrate the viability of the DDZM.
3.2 Numerical Examples for Static Fracture Simulations
In this section, we shall examine the performance of the DDZM for both single mode and
mixed mode fracture (benchmark) examples, such as the double cantilever beam (DCB), end
notch fracture (ENF), mixed mode bending (MMB) and mixed mode multi-delamination
analysis. Also, the fracture of a square unit cell of a fiber-matrix composite is studied. Both
laminate and isotropic material properties are considered and the orientation of the laminate
material is aligned with the global Cartesian coordinate. Table 3.1 shows a summary of the
material properties assumed for each example. For all the examples, we assume a constant
length scale of ls = 1 mm to calibrate the model parameters (see Section 3.1.3). In general,
the value of ls needs to be chosen so that we obtain good agreement of numerical results
with experimental data.
3.2.1 Mode I: Double Cantilever Beam (DCB) test
The set up of the double cantilever beam test is shown in Figure 3.6. Fixed boundary
condition is applied at the right end of the beam. To initiate mode I delamination, a
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Algorithm 1 - Abaqus UEL algorithm for the discrete spring element
Let us assume all the variables are known at step i and we proceed to compute the variables
at step i+ 1,
(1) Compute both the normal and shear separations
i+1δn =
iu′1 − iu′3, i+1δt = iu′2 − iu′4,
(2) Update the damage in the spring
if (i+1δn > δ
cr
n and
i+1δn > 0) then
i+1Dn = 1− 1






∣∣i+1δt∣∣ > δcrt ) then
i+1Dt = 1− 1

























i+1Dt = 1.0 (failure)
end if













(4) Compute the degraded stiffness and update the stiffness matrix of the user element











(5) Compute the internal force of the spring element and update the right hand side
vector of the user element,
i+1r = − i+1K i+1u.
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Table 3.1: Summary of material properties assumed in each numerical example (The single
leg bending (SLB) test specimen consists multiple layers made of two different composite
materials (l1 and l2) [8])

















Mode I (laminate) 1.35e5 9.0e3 5.2e3 0.24 0.28 5.7 - - [115]
Mode I (isotropic) 1.35e5 1.35e5 - 0.25 0.28 5.7 - - -
Mode II (isotropic) 1.35e5 1.35e5 - 0.25 - - 4.0 57 [4]
Mixed mode (laminate) 1.35e5 9.0e3 5.2e3 0.24 4.0 57 4.0 57 [4]
Mixed mode (isotropic) 1.35e5 1.35e5 - 0.25 4.0 57 4.0 57 -
Multi-delamination 1.15e5 8.5e3 4.5e3 0.29 0.33 3.3 0.8 7.0 [115]
SLB (l1) 9.1e6 1.5e6 - 0.51 5.6 2.0e3 9.3 5.0e3 [8]
SLB (l2) 2.5e6 1.5e6 - 0.14 5.6 2.0e3 9.3 5.0e3 [8]
Matrix 2.35e3 2.35e3 - 0.25 - - - - -
Fiber 4.07e4 4.07e4 - 0.25 - - - - -
Fiber-matrix interface - - - - 0.3 3.3 4.0 50 -
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displacement is applied at the upper and lower nodes at the left end and the corresponding
load is recorded. The simulation is displacement controlled so as to capture the softening







Figure 3.6: Geometry and boundary conditions for the mode I double cantilever beam
(DCB) test. The dimensions are: L = 100 mm, H = 3 mm and a0= 30 mm
consists of 8×100 bilinear quadrilateral elements (CPS4) and the “×”s indicate the positions
of discrete spring elements. Since the crack path is known a priori for this case, the discrete
spring elements are only placed along that path. Figure 3.7 shows the contour plot of the
damage variable (SDV1) in the continuum elements over the whole beam on the deformed
shape.Printed using Abaqus/CAE on: Fri Oct 07 11:58:12 Eastern Daylight Time 2011
Figure 3.7: Contour plot of the continuum damage variable on the deformed shape of
the beam for the DCB test. The red zone ahead of the crack tip represents the stress
concentration effect.
The load vs displacement curves for the laminate and the isotropic material from the
discrete damage zone model (DDZM) and the virtual crack closure technique (VCCT) are
shown in Figure 3.8. The load and displacement at the upper left end node are plotted to
observe the global behavior under mode I. For the laminate material the result obtained
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from the VCCT, which represents the LEFM solution, is used as the benchmark. For the
isotropic material we have the analytical solution [4] as well as the result from the VCCT.
The DDZM is able to capture the material behavior under mode I. From the plots in Figure
3.8 we see that:
i. The maximum load predicted by the DDZM is less than that predicted by the VCCT
and the analytical solution, however, the predicted failure behavior is the same. The
maximum load predicted is different because the VCCT and the elastic analytical
solution generally overestimate the strength since they do not consider the nonlinear
effects in the fracture process zone;
ii. For the assumed isotropic material parameters the damage mostly occurs in the spring
elements and so the predicted failure paths with and without damage in continuum
elements are exactly the same. Although for more general problems, where crack path
is unknown, the idea of implementing damage model in all the elements should give
a global damage contour plot over the whole domain, as well as a clear crack path.















 DDZM with exponential softening
 virtual crack closure (VCCT)
(a) Laminate material
















 DDZM (damage in interface elements)
 DDZM (damage in all the elements)
 virtual crack closure (VCCT)
 analytical solution
(b) Isotropic material
Figure 3.8: Load vs. displacement curves for the mode I delamination.
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3.2.2 Mode II: End Notch Fracture (ENF) test
The set up of the end notch fracture test is shown in Figure 3.9. The beam of length
L is simply supported at the lower left and right end nodes. To initiate mode II crack
propagation, a mid-span deflection is specified and the corresponding load is recorded.
Again, displacement control is used for the simulation so as to capture the softening and
hardening behavior. In addition, a contact surface is defined at the interface to avoid
overlap between the upper and lower bulk elements. The isotropic material properties





Figure 3.9: Geometry and boundary conditions for the mode II end notch fracture (ENF)
test. The dimensions are: L = 100 mm, H = 3 mm and a0= 30 mm
I. Figure 3.10 shows the contour plot of the damage variable (SDV1) in the continuum
elements over the whole beam on the deformed shape. As expected, the maximum stress
and damage occur near mid-span at the sliding crack interface. The analytical solution
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Printed using Abaq s/CAE on: Fri Jun 17 13:22:43 Eastern Daylight Time 2011
Figure 3.10: Contour plot of the continuum damage variable on the deformed shape of the
beam for the ENF test
obtained from linear elastic beam theory [4] is plotted in Figure 3.11. We can see that
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the analytical load-displacement curve includes three parts: linear, snap back and stable
hardening segments. The two points of the inflection on the numerical curve correspond to
the states when damage initiates in the discrete spring elements near the initial crack tip
and when the crack tip moves to the center of the beam right beneath the loading position.
The result obtained from the DDZM is in good agreement with the analytical solution and
thus illustrating its applicability.














 DDZM (damage in all the elements)
 DDZM (damage in interface elements)
 analytical solution
Figure 3.11: Load vs. deflection for an isotropic material from the ENF test
3.2.3 Mixed mode: Mixed mode Bending (MMB) test
The mixed mode bending (MMB) was originally proposed and examined by Reeder and
Crews [7]. The set up of the MMB test is shown in Figure 3.12. The beam of length 2L is
simply supported at the lower left and right end nodes. A load P is applied through a rigid
lever above the beam and the lever arm lengths are adjustable. From the static equilibrium








where c is the length parameter that adjusts the ratio between the two forces, and thus
defines the mixed mode ratio. We mesh both the rigid lever and the beam but specify
the lever elements to be rigid. The deformable beam is connected to the rigid lever using
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rigid connectors elements. The computational mesh for the beam is similar to that used for
mode I. Figure 3.13 shows the contour plot of the damage variable (SDV1) in the continuum












Figure 3.12: Geometry and boundary conditions for the mixed mode bending (MMB) test.
The dimensions are: 2L = 100 mm (i.e. L=50 mm), c = 42 mm, H = 3 mm and a0= 30
mm
The load (P1) vs displacement (∆) curves for the laminate and the isotropic material
from the discrete damage zone model (DDZM) and the virtual crack closure technique
(VCCT) are shown in Figure 3.14. Displacement control is used for the simulation in
order to capture the “snap back” and the hardening regime. Like before, for the laminate
material the result obtained from the VCCT is used as the benchmark and for the isotropic
material the analytical solution as well as the VCCT result are used to compare. Next, we
simulate two hypothetical material cases, one with the same fracture energy for mode I and
II and another with different fracture energies (see Figure 3.15), to verify the convergence,
following the study in [119]. The numerical results are compared to the analytical solutions
given in [4]. In both cases, the numerical results obtained from higher cohesive strengths
converge to the analytical solutions better. This study demonstrates the convergence to the
analytical solutions of the beam theory and of the LEFM as we increase the normal and
shear strengths.
Next, we study the mesh sensitivity of the DDZM. Since mixed-mode delamination is
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Figure 3.13: Contour plot of the continuum damage variable on the deformed shape of the
beam for the MMB test































 DDZM (damage in all elements)
 DDZM (damage in interface elements)
 analytical solution
(b) Isotropic material
Figure 3.14: Load vs. displacement curves for the mixed mode bending test. The load
P1 and displacement ∆ at the upper left end node are plotted to study the mechanical
behavior.
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(a) Considering the same fracture energy, that is,
GIC = GIIC = 4.0
N
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 MPa,  = 30MPa
 MPa,  = 40MPa
 MPa,  = 50MPa
 analytical solution




and GIIC = 6.0
N
mm
Figure 3.15: Comparison between the analytical solutions [4] and the numerical simulation
results to demonstrate convergence for mixed mode fracture.
the more general case, lack of mesh sensitivity under mixed-mode implies the same under
pure mode-I or mode-II delamination. We consider three structured uniform meshes with
8 elements resolving the thickness H and 100, 200, 400 elements resolving the length of the
specimen 2L. The load vs. deflection plots, given in Figure 3.16, adequately demonstrate
the lack of mesh size dependence of simulation results.
3.2.4 Mixed mode: Single Leg Bending (SLB) test
The set up of the single leg bending (SLB) benchmark problem is shown in Figure 3.17.
The beam is simply supported at the left and right ends. A crack of length a0 is prescribed
as shown so as to initiate delamination.
To initiate mixed mode delamination, displacement increments are applied at mid-span
as shown in Figure 3.17. Note that displacement control is applied in order to capture the
softening behavior of the load-displacement (P−∆) curve. The discrete spring elements are
placed only along the dashed line, which describes the expected delamination path. Figure
3.18(a) and 3.18(b) show the Mises contour plots on deformed shape at time step ”A” when
the crack propagates to the point of load application and at the final time step ”B” of the
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(a) Damage in interface elements only

















(b) Damage in both interface and continuum elements

























Figure 3.17: Geometry and boundary conditions for the single leg bending (SLB) test. The
dimensions are: L1 = 3.0 mm, L2 = 4.8 mm, L = 6.0 mm, H1 = 0.0884 mm, H2 = 0.2876
mm, a0 = 0.27mm .
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simulation. It can be seen from Figure 3.18 that once the lower layer separates, the Mises








(b) The final time step B of the simulation 
Figure 6. Mises contour plot on deformed shape at the application point and the end of the 
simulation. The area circled by red dashed line is zoomed in to show the finite element mesh. 
Figure 7 shows the P–Δ curves and the behavior at time steps A and B are marked. As the beam 
deforms under the applied loading, the extensions (δ) in the interface elements increase and 
eventually when a critical displacement is reached, the crack propagates very quickly so as to 
cause an abrupt drop in the load bearing capacity of the beam. This sudden drop in load bearing 
capacity happens till the crack reaches the application point of load at time step A. From this 
point, the crack propagates much slower and the behavior of the beam is close to linear elastic 
with a different slope than at the beginning. This behavior can be clearly observed in Figure 7. 
Results obtained from the virtual crack closure technique (VCCT) are used as reference LEFM 
solutions. The results from the DDZM are in good agreement with those of VCCT, which 
validates our implementation; however, the DDZM results depict a slightly less abrupt failure 
than the VCCT results owing to bounded stress in the cohesive zone.   
Next, in order to demonstrate the convergence of the scheme, we vary the material cohesive 
strengths one component at a time. In the results of Figure 7(a) the normal cohesive strength 
ߪ௠௔௫ is a constant while in those of Figure 7(b) the tangential cohesive strength ߬௠௔௫ is a 
constant. The numerical results obtained from higher cohesive strengths converge to the VCCT 
results demonstrating the convergence of the DDZM to the LEFM solution.  
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strengths one component at a time. In the results of Figure 7(a) the normal cohesive strength 
ߪ௠௔௫ is a constant while in those of Figure 7(b) the tangential cohesive strength ߬௠௔௫ is a 
constant. The numerical results obtained from higher cohesive strengths converge to the VCCT 
results demonstrating the convergence of the DDZM to the LEFM solution.  
(b) The final timep step B of the simulation
Figure 3.18: Mises contour plot on deformed shape at the application point and the end of
the simulation. The area circles by red dashed line is zoomed in to show the finite element
mesh.
Figure 3.19 shows the P −∆ curves and the behavior at time steps A and B are marked.
As the beam deforms under the applied loading, the extensions in the interface elements
incr a e and ev ntually when a criti al di plac ment is reached, the crack propagates very
quickly so as to cause an abrupt drop in the load bearing capacity of the beam. This sudden
drop in load bearing capacity happens till the crack reaches the application point of load
at time step A. From this point, the crack propagat s much slower and the b h vior of the
beam is close to linear elastic with a differ nt slope than a the b ginning. This behavior
can be clearly observed in Figure 3.19. Results obtained from the virtual crack closure
technique (VCCT) are used as reference LEFM solutions. The results from the DDZM are
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in good agreement with those of VCCT, which validates our implementation; however, the
DDZM results depict a slightly less abrupt failure than the VCCT results owing to bounded
stress in the cohesive zone.
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Figure 3.19: The load vs. displacement curves for the single leg bending problem. The
results for higher cohesive strengths demonstrate convergence to the LEFM solution.
Next, in order to demonstrate the convergence of the scheme, we vary the material
cohesive strengths one component at a time. In the results of Figure 3.19(a) the normal
cohesive strength σmax is a constant while in those of Figure 3.19(b) the tangential cohesive
strength τmax is a constant. The numerical results obtained from higher cohesive strengths
converge to the VCCT results demonstrating the convergence of the DDZM to the LEFM
solution.
3.2.5 Mixed mode: Multi-Delamination test
Another mixed mode fracture test is the multiple delamination analysis under displacement
control [49, 115]. The set up of this test is shown in Figure 3.20. The beam consists of
twenty four layers of laminates in the vertical direction. The material parameters of the
laminate are given in Table 3.1. Two initial cracks are assigned. The one on the left is
positioned at the middle plane of the specimen. The second one is positioned on the right
of the first one, two layers beneath. Fixed boundary conditions are applied on the right
hand side of the beam. On the left end side, two concentrated loads are applied, similar
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to the mode I DCB test. Using displacement control for the simulation helps capture the










Figure 3.20: Geometry and boundary conditions for the mixed mode multi-delamination
test. The dimensions are: L = 200 mm, H = 3 mm, a1 = 40 mm and a2 = 20 mm.
Figure 3.21 shows good agreement between the result obtained from the DDZM and the
experimental data [49]. The process of delamination consists of three stages. Initially, the
delamination is mode I dominant (stage 1) till the propagating left crack begins to interact
with the right crack, at which point there is steep drop in the load (stage 2). When the
left crack reaches a position above the midpoint of the second initial crack we observe the
second peak in the curve (stage 3). Starting from this point, a mixed-mode delamination
occurs, although mode I is still more significant (see [115] for more details).
3.2.6 Failure of fiber-matrix composites
In all the benchmark examples presented above an initial crack was assumed and the crack
path coincides with the element edges. The failure of the specimen was mainly due to
the failure of the spring elements along the crack path and the damage in the continuum
elements was not significant. The aim therein was to illustrate the ability of interface
elements to model delamination. In this section, we shall consider the failure of a fiber-
matrix composite wherein failure can occur due to both fiber-matrix interface debonding
and matrix cracking. The configuration of the square unit cell of the composite, consisting
of a circular glass fiber in an epoxy matrix, under uniaxial tension is shown in Figure 3.22.
Only one-fourth of the domain is modeled due to the symmetry. The properties of the fiber,
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Figure 3.21: Load vs. displacement curve for Alfano’s mixed mode multi-delamination
analysis
the matrix and the interface are given in Table 3.1. Note that, in this example, no initial
crack is assumed and the crack is not constrained to the fiber-matrix interface. The interface
elements, prescribed only at the fiber-matrix interface, capture interface debonding and the
damage model in the continuum elements captures matrix cracking.
The displacement boundary conditions are set to be zero on the bottom and on the left
edges. On the right edge, displacement control is used so as to obtain the softening behavior
of the structure due to interface debonding. The load P is evaluated by summing the nodal
forces on the right edge. The damage in the matrix is assumed to be governed by Mazars
continuum damage model with the parameter A = 1, B = 200, for the springs A = 1 and B
is calculated to be 30. Note that fiber is much stronger than the matrix and so no damage is
assumed in the fiber. The stress concentrations around the circular fiber initiate the crack
leading to the separation of the interface and eventually the crack proceeds through the
matrix due to micro-cracking damage. Figure 3.23(a) shows the contour plot of the damage
variable (SDV1) in the continuum elements over the matrix domain, wherein the red and
reddish yellow zones indicate failure (i.e. damage variable D ≈ 1.0). Thus, the crack
or failure path is described by both interface delamination and matrix damage. The finite
CHAPTER 3. A DISCRETE DAMAGE ZONE MODEL FOR FRACTURE











Figure 3.22: Geometry and boundary conditions for the uniaxial tension test of the square
unit cell of a fiber-matrix composite. The dimensions are: L = 1.0 mm and R = 0.5 mm.
element mesh is refined near the interface in order to improve the accuracy. We consider two
cases: one with damage only in the interfacial spring elements and the other with damage
in both interfacial spring elements and continuum elements of the matrix. The load vs.
displacement curves and a zoom of the initial part of the curves for this test are given in
Figure 3.23(b). It is clear from Figure 3.23(b) that, initially, the load vs. displacement
curves coincide for both cases in the linear elastic regime. The curves begin to deviate at
point “1” (marked on the plot) when the damage occurs mainly in the spring elements. The
curves continue to deviate from each other as damage progresses in the matrix and at point
“2” the square unit cell completely ruptures. Clearly, this brittle failure mode cannot be
captured if we do not consider damage in the matrix. Through this study we demonstrate
the suitability of the method for investigating fracture in fiber-matrix composites.
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(a) Contour plot of the continuum damage just before fail-
ure











 DDZM(damage only in interface)
 DDZM(damage in both interface and matrix)
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(b) Load vs. displacement curve.
Figure 3.23: Square unit cell of the fiber-matrix composite under uniaxial tension. In
subfigure (a), notice that the interface debonds till a particular point from where a clear
damage path initiates and proceeds towards the top left corner. The red and reddish yellow
zones indicate failure, that is, damage variable D = 1.
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Chapter 4
Discrete damage zone model for
temperature dependent fatigue
delamination in composites
4.1 Discrete Damage Zone Model (DDZM) Formulation for
Cyclic Loading
The proposed DDZM is developed entirely from the perspective of continuum damage me-
chanics, wherein delamination is interpreted as a process of damage evolution at the lami-
nate interface resulting in the degradation of interface element stiffness. A detailed descrip-
tion of the DDZM formulation is given in [2]. Basically, the discrete interface element is a
two dimensional spring like element (i.e. it resists displacement along and perpendicular to
its axis) that connects the interface nodes [2, 80–82]. The delamination progresses as the
spring elements behind the crack tip fail successively. In this section, we will present the
interface element’s constitutive law for cyclic loading, particulary, for high-cycle fatigue.
4.1.1 Discrete element constitutive law for cyclic loading
Under cyclic loading, fatigue-driven delamination or fracture is experimentally observed to
consist of three stages: initiation, stable growth and failure. In the stable crack growth
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regime, the crack or delamination front propagates by a small amount per loading cycle
and the log-log plot of the crack growth rate per cycle versus the amplitude of the fracture
energy release rate is typically linear, known as the Paris law [122, 123]. It is important
to note that as the fatigue damage component grows and once the interfacial separation
reaches the critical value, δcr, static damage also inevitably increases and interacts with
the fatigue damage. Hence, an appropriate model should consider both static damage and




= D˙ = D˙s + D˙f (4.1)
where D˙ represents the total damage rate in the discrete spring elements, D˙f is the fatigue
damage rate component and the static damage rate component is given by,
D˙s = exp(−B(δ − δcr))Bδ˙ (4.2)
Remark 8 Scanning electrons micrographs of the fracture morphologies under static and
fatigue loading indicate no difference in crack surfaces generated for a particular delamina-
tion mode [10]. Therefore, this suggests that failure mechanisms are the same under either
loading and so we may add the damage from each component to obtain the total damage as
in equation (4.1).
Now, let us consider the continuum damage model proposed by Peerlings et al. [94] for
high-cycle fatigue loading given by,
D˙
′
f = C exp(λD)
β ˙ (4.3)
where C, β and λ are parameters. Based on the above damage law, we write a damage law
for the discrete interface element in terms of the interface separation as,







where δf is an interface separation measure introduced solely for dimensions reasons [95].
Remark 9 There are four additional model parameters that need to be identified under
cyclic loading: (1) fatigue damage coefficient, C, (2) fatigue damage exponent, β, (3) dam-
age rate magnification coefficient, λ, (4) normalization constant, δf , for the interface sep-
aration. These parameters are purely phenomenological and are to be determined from the
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Paris plots of experimental data which is detailed in Section 4.3. The parameter λ accounts
for the initially smaller rate of damage and for the larger rate of damage towards the end
of the fatigue life. Thus, its a damage rate magnifier that depends on the current state of
damage.
Remark 10 In equations (4.1)–(4.4) we define the time derivatives of damage; however,
in the case of high-cycle fatigue loading composed of well-defined discrete cycles, it is com-
putationally efficient to express the rates of static and fatigue damage growth in terms of
number of cycles and maximum separation (amplitude) during each cycle. The number of
cycles, N , is usually considered to be a continuous, time-like variable and a damage rate
per cycle dDdN is defined [94]. Therefore, herein, we integrate the damage rate over a certain
number of loading cycles ∆N to evaluate the corresponding damage increment, which is
discussed in Section 4.2.2.
Now, let us consider one discrete element and assume an actual loading history wherein
the load fluctuations are idealized to be sinusoidal as shown in Figure 4.1. The relation
between the force in the spring, F , and the interfacial separation, δ, at time t = t(N +∆N)
is given by,
F (t(N + ∆N)) = K(t(N + ∆N)) δ(t(N + ∆N)) (4.5)
= (1−D(t(N + ∆N)))K0 δ(t(N + ∆N)), (4.6)
where
D(t(N + ∆N)) = D(t(N)) +
∫ t(N+∆N)
t(N)
(D˙s + D˙f)dt. (4.7)
For the sake of computational efficiency, the applied numerical load is increased linearly
to the maximum value Fa (load amplitude) and then kept constant, as given by the blue
solid line in Figure 4.1. The force-separation (F − δ) law follows the path indicated by the
solid black line in Figure 4.2(a) under cyclic loading whereas it follows the dashed blue line
under monotonic loading. Thus, the spring fails even when the load amplitude Fa is less
than the critical force F cr due to fatigue (subcritical failure). The total damage versus the
separation (D − δ) under fatigue loading is given by the solid black line in Figure 4.2(b)
and the curves corresponding to the static and fatigue damage components are indicated
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by the red and blue dashed lines. As expected, in the initial stages when δ < δcr we see
that D = Df and Ds = 0, and for δ > δ

































































Figure 4.1: Test simulation using one discrete spring element, wherein one end of the
element is fixed and a force or load F is applied at the other end. The cycles describe the
load fluctuations and the blue soli lines show the numerically applied loading.
4.1.2 Temperature dependence of the damage rate
Experiments of [86] indicate that the rate of deterioration of the laminate interface depends
on the environmental conditions such as temperature and humidity. In this article, we
only restrict our attention to the temperature dependence of damage rate under mechanical
fatigue. In the literature, an Arrhenius type relation for the temperature dependence of
damage due to creep was proposed in [125, 126]. We propose a similar relation for the
fatigue damage rate as,











where Q is the damage activation energy, R is the universal gas constant (which is equal
to the Botlzmann’s constant) and D˙f(Trm) is the fatigue damage rate component at room
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(b) Damage vs. separation
Figure 4.2: Discrete element constitutive law for cyclic loading
temperature Trm. Substituting the expression for D˙f(Trm) from equation (4.4) in the above
equation (4.8) we get,

















The above equation can now be rewritten as,







where the fatigue damage coefficient C at ambient temperature T is,











Thus, the model assumption leads only the parameter C to be temperature dependent given
by an Arrhenius type relation and the parameters β and λ are temperature independent.
The calibration of the damage activation energy Q from published experimental data is
detailed in Section 4.3.4.
Remark 11 In a general case scenario of thermo-mechanical fatigue, there are three possi-
ble damage mechanisms, namely, fatigue, oxidation and creep. Therefore, Neu and Sehitoglu
[125, 127] proposed a damage rate model wherein the total damage rate was additively de-
composed into these three components. Thus, their model considers the dependence of the
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damage rate on time or cycles, temperature (neglecting the influence of humidity) and the
phasing of the load and temperature cycles. Such a model can be very useful in the thermo-
mechanical fatigue life assessment of structural components [128]. Note that more detailed
experiments are required to identify the parameters of a damage model based on physical
mechanisms.
4.2 Numerical Implementation
The kinematics of the discrete spring elements are introduced in detail in section 3.1.4.
4.2.1 Mixed mode criteria
In real composite components, fatigue delamination rarely develops under a constant prop-
agation mode such as pure mode I or pure mode II, but rather develops under mixed mode,
generally, involving both mode I and mode II displacements. Therefore, it is important
that the model is capable of predicting delamination under varying mode mix conditions
[9]. In order to simulate the intricate mixed mode failure under fatigue loading, an equiva-
lent displacement parameter for the bilinear softening law was suggested in [5, 95, 115, 129].






Obviously, δe is equal to δn and δt under pure mode I and mode II, respectively. Then,
we define an equivalent critical separation, δcre , that depends on the mode mix ratio. A
quadratic criterion was employed in [5, 6] to evaluate these equivalent quantities . Herein,













where δcrn and δ
cr
t are the critical separations obtained under pure mode I and pure mode
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In the above equation, GI and GII denote the fracture energy release rate under mode I
and mode II, respectively. Thus, Ψ = 0 implies GII = 0, that is, pure mode I and Ψ = 1
implies GI = 0, that is, pure mode II. The variation of δ
cr
e as a function of mode ratio Ψ
using our criterion for α = 1, 0.9 are shown in Figure 4.3. For α = 0.9 the curve from our
criterion matches well with that of [5, 6], apparently, because both criteria fall into the class
of generalized quadratic criteria for mode mix interaction.

















Jiang et al. (2007)
Figure 4.3: The variation of δcre as a function of mode ratio Ψ using our criterion for
α = 1, 0.9 and using the criterion of [5, 6]. For α = 0.9 the curve from our criterion matches
well with that of [5, 6].
4.2.2 Damage evolution over loading cycles
When dealing with high-cycle fatigue loading, it is computationally efficient to describe
the damage evolution law in terms of number of cycles. A cycle based formulation can be
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where N is the cycle number at the beginning of the current increment and ∆N is the
increment of cycle number. The above equation essentially states
∆D = D(N + ∆N)−D(N) = ∆Ds + ∆Df (4.16)












exp(−B(δe − δcre ))B dδe
= − exp(−B(δe(N + ∆N)− δcre )) + exp(−B(δe(N)− δcre )) (4.17)
where δe(N + ∆N) and δe(N) represent the interface separations (or extensions in the
discrete spring element) at time t(N + ∆N) and t(N), respectively. Evaluating the fatigue
damage increment ∆Df is a bit more involved since D˙f is a function of the total damage D.































Using the backward Euler method we write,




Substituting the above in the left hand side of equation (4.20) and taking ∆N = 1 we get,
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does not change rapidly with the number of loading cycles N , we can



















Next, assuming D is a continuous function in the open interval between N and N + ∆N ,










where Dµ and δµ are given as,
Dµ = (1− µ) D(N) + µ D(N + ∆N) (4.26)
δµ = (1− µ) δe(N) + µ δe(N + ∆N) (4.27)
For µ = 0 we get an explicit scheme and for nonzero values of µ we need to perform
nonlinear iterations using the Newton-Raphson method, as detailed in Algorithm 2. In
order to choose an optimal value of µ we consider a ‘one element’ convergence test. We
consider three different displacement increments dδ = δe(N + ∆N)− δe(N) = {1.0e-6, 5.0e-
4, 1.0e-3} and the results of interface element force obtained from the minimum increment
dδ = 1.0e − 6 are considered as reference. We evaluate the interface element force error
norm for different values of µ ∈ [0 1] as,
err =
∥∥∥Fdδ − Fdδ=1.0e−6∥∥∥∥∥∥Fdδ=1.0e−6∥∥∥ (4.28)
The force error norm is then plotted on a semi-log plot given in Figure 4.4. As expected,
the relative error is smaller for dδ = 5.0e − 4 compared to dδ = 1.0e − 3. The force error
plots indicate that a value of µ ∈ (0.4 0.7) is optimal and we choose µ = 0.5 that yields
good results. Essentially, µ = 0.5 leads us to a trapezoidal rule in time.
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Algorithm 2 : Newton-Raphson method for implicit damage evaluation
Let us assume all the variables are known at step t(N) and we proceed to compute the
variables at step t(N + ∆N),
(1) Initialize the damage variable kD and the residual krˆ at iteration k = 1
1rˆ = 1.0
1D = D(N)
(2) Evaluate the increment in static damage increment
∆Ds = − exp(−B(δe(N + ∆N)− δcre )) + exp(−B(δe(N)− δcre ))
(3) While krˆ ≥ TOL, at iteration k ∈ {1, 2, 3, ...}
(i) Evaluate the increment in fatigue damage increment
kDµ = (1− µ) D(N) + µ kD









(ii) Compute the residual and the corresponding Jacobian










(iii) Update the damage and iteration counter






k = k + 1
(4) Finally, after convergence, update the damage variable at t(N + ∆N)
D(N + ∆N) = kD
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Figure 4.4: Relative error of traction norm obtained with different displacement increment
in comparison to the reference results.
4.2.3 Abaqus UEL algorithm
In order to define the discrete element via the UEL subroutine in Abaqus, we need to define
the element stiffness matrix, K (AMATRX), and the residual force vector, r (RHS), in























The equilibrium of the discrete interfacial element requires that, r1 = −r3 and r2 = −r4.
The corresponding element stiffness matrix in the global coordinates is given by,




Kn 0 −Kn 0
0 Kt 0 −Kt
−Kn 0 Kn 0
0 −Kt 0 Kt
R. (4.23)
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Note that we approximate the element stiffness matrix with the secant stiffness since it is
always non-negative unlike the tangent stiffness which is negative for the softening regime.
The detailed Abaqus user element (UEL) algorithm for the mixed mode implementation is
given in Algorithm 3.
4.3 Numerical Examples for Fatigue Fracture Simulations
In this section, we calibrate the model parameters and examine the model performance
for high-cycle fatigue loading under mode I, mode II and mixed mode conditions. The
numerical results are compared to the Paris law fit of published experimental data from the
double cantilever beam (DCB) test, the end notch fracture (ENF) test and the mixed mode
bending (MMB) [6, 9, 10]. The same material HTA/6376C and specimen is studied in all
the simulations and the material properties are given in Table 4.1 [130].
Table 4.1: Material properties for carbon fibre/epoxy composite [6, 9, 10]

















HTA/6376C 1.20e5 1.05e4 5.25e3 0.3 0.26 30 1.002 60
4.3.1 Mode I: double cantilever beam (DCB) test
The set up of the double cantilever beam fatigue test is shown in Figure 4.5. Fixed boundary
condition is applied at the right end of the beam. The specimen arms at the left end
are loaded with opposing loads P in order to initiate pure Mode I delamination. The





where W is the width of the beam set perpendicular to its plane taken to be 1 mm, Exx is
the Young’s modulus in the global x−direction and I is the second moment inertia of each
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Algorithm 3 : Abaqus UEL algorithm for the discrete spring element
Let us assume all the variables are known at time t(N) and we proceed to compute the
variables at time t(N + ∆N). For brevity of notation we skip the cycle number (N + ∆N),
for example, δe denotes δe(N + ∆N), by default.
(1) Compute both the normal, shear separations and equivalent separation in mixed mode
















(3) Compute static damage as





Ds = 1− exp (−B(δe − δcre )).
end if
(4) Compute the total damage, D, according to Algorithm 2 and then calculate fatigue
damage component for post processing as
Df = D −Ds. (4.24)
(5) Compute the degraded stiffness and update the stiffness matrix
Kn = (1−D)K0n.
Kt = (1−D)K0t ,
(6) Compute the internal force of the spring element and update the right hand side
vector,
r = − Ku.
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Figure 4.5: Boundary conditions of the mode I double cantilever beam (DCB) test under
fatigue loading. The dimensions are: L = 150 mm, H = 3.1 mm, and a0 = 35 mm.
specimen arm whose thickness is half that of the beam.
Remark 12 In the current DCB test, since we apply a constant load P to the specimen
arms, the bending moment in the beam M increases linearly and the energy release rate
GI increases quadratically with crack length a0. Therefore, the crack growth rate is not
a constant and the crack length increases rapidly with number of cycles in Figure 4.7(a).
Alternatively, one may apply a constant moment M to the specimen arms, rather than a
load P , and with this type of loading the energy release rate at the delamination front is
independent of crack length and so the crack growth rate will be a constant [95].
The simulation is load controlled, wherein the loading is increased linearly from zero
to the maximum value (or amplitude) and then held constant, as indicated by the solid
blue line in Figure 4.1. As pointed out in Section 4.2.2, for high-cycle fatigue we calculate
damage accumulation over a fixed number of cycles rather than calculating over each cycle.
Therefore, the load is held constant at the maximum value and the fatigue damage is
updated as given in Algorithm 3. We employ a uniform structured mesh with 4 noded
plane stress quadrilateral elements (CPS4 in Abaqus). The contour plot of Mises stress on
the partially delaminated specimen geometry is shown in Figure 4.6.
For a particular value of applied load P , we plot the crack length versus the number of
loading cycles to show fatigue induced mode I delamination in Figure 4.7(a). To calibrate
the model parameters for carbon/epoxy composite we perform the simulations for different
values of P and plot the crack growth rate, da/dN , versus the energy release rate ratio,
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(a) Partially delaminated specimen geometry
Printed using Abaqus/CAE on: Wed May 30 15:00:37 Eastern Daylight Time 2012
Printed using Abaqus/CAE on: Wed May 30 15:03:31 Eastern Daylight Time 2012
(b) Zoom of the crack tip
Figure 4.6: Contour plot of Mises stress on the partially delaminated specimen geometry
under mode I fatigue loading. The red zone around the crack tip shows the stress concen-
tration in the fracture process zone.
GI/GIC, using log-log scale as shown in Figure 4.7(b). The parameters are calibrated by
comparing with the the least squares best fit line [9] of the experimental data of [10]. The
fatigue damage parameters for Mode I are chosen as C =3.6e10 cycle−1, β = 8.91, and
λ = 0.5.




























Blanco et al. (2004)
DDZM
Asp et al. (2001)
(b) Paris plot
Figure 4.7: Numerical results for mode I fatigue delamination
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4.3.2 Mode II: end notch fracture (ENF) test
The set up of the end notch fracture test is shown in Figure 4.8. The beam is simply






Figure 4.8: Boundary conditions of the mode II end notch fracture (ENF) test under fatigue
loading. The dimensions are: L = 150 mm, H = 3.1 mm, a0 = 35 mm, and c = 25 mm.





where c is the distance between the applied concentrated load to the end of the beam shown
in Figure 4.8. The simulation is load controlled and the load is increased linearly from zero
to the maximum value (amplitude) and then held constant. The contour plot of Mises stress
on the partially delaminated specimen geometry is shown in Figure 4.9.
Remark 13 In the four point ENF test, the bending moment, M , in the beam between the
two loads is a constant for a given load P and so the energy release rate at the delamination
front is independent of the crack length. Therefore, the crack growth rate is a constant and
the crack length increases linearly with number of cycles in Figure 4.10(a).
Remark 14 In order to avoid the continuum elements from overlapping during the ENF
test a contact surface is defined along the expected delamination path. Note that the over-
lapping of continuum elements due to the negative extensions of the interface elements is a
numerical artifact that needs to be dealt with, particularly, under pure mode II.
For a particular value of applied load P , we plot the crack length versus the number of
loading cycles to show fatigue induced mode II delamination in Figure 4.10(a). To calibrate
CHAPTER 4. DISCRETE DAMAGE ZONE MODEL FOR TEMPERATURE
DEPENDENT FATIGUE DELAMINATION IN COMPOSITES 74
Printed using Abaqus/CAE on: Wed May 30 15:28:44 Eastern Daylight Time 2012
Printed using Abaqus/CAE on: Wed May 30 15:31:51 Eastern Daylight Time 2012
(a) Zoom of the crack tip
Printed using Abaqus/CAE on: Wed May 30 15:29:34 Eastern Daylight Time 2012
(b) Partially delaminated specimen geometry
Figure 4.9: Contour plot of Mises stress on the partially delaminated specimen geome-
try under mode II fatigue loading. The red zone around the crack tip shows the stress
concentration in the fracture process zone.
the model parameters for carbon/epoxy composite we perform the simulations for different
values of P and plot the crack growth rate, da/dN , versus the energy release rate ratio,
GII/GIIC, using log-log scale as shown in Figure 4.10(b). The parameters are calibrated by
comparing with the the least squares best fit line [9] of the experimental data of [10]. The
fatigue damage parameters for Mode II are calibrated to be: C = 1.8e5 cycle−1, β = 6.94,
and λ = 0.5.


























Blance et al. (2004)
DDZM
Asp et al. (2001)
(b) Paris plot
Figure 4.10: Numerical results for mode II fatigue delamination
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4.3.3 Mixed mode: mixed mode bending (MMB) test
The standard mixed mode bending test was first suggested by Reeder and Crews [7]. The
set up of the mixed mode bending test is shown in Figure 4.11. Fixed boundary condition
is applied at the right end of the beam. Loads are applied at the left end and the ratio ρ
is a function of the mode mix ratio Ψ. Actually, the moment M is resultant of an applied







Figure 4.11: Boundary conditions of the mixed mode bending (MMB) test under fatigue
loading. The dimensions are: L = 150 mm, H = 3.1 mm, and a0 = 35 mm.
ratio Ψ in Equation (4.14), the ratio between the lower and upper moments applied is given













The above relationship between applied moment ratio ρ and Ψ is shown in Figure 4.12.
When ρ = −1 we get the exact configuration of the DCB test and when ρ = 1 we have a
cantilever beam under uniform bending moment yielding a similar stress state as the ENF
test.
The total energy release rate G is the sum of the energy release rates in the normal and
shear modes, that is [7]
G = GI +GII, (4.28)
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Again, the simulation is load controlled and the contour plot of Mises stress on the partially
delaminated specimen geometry is shown in Figure 4.13.
For a particular value of applied load P , we plot the crack length versus the number
of fatigue cycles to show fatigue induced mixed mode delamination in Figure 4.14(a). To
calibrate the model parameters for carbon/epoxy composite we perform the simulations for
different values of P for one mixed mode ratio of Ψ = 0.5 and plot the crack growth rate,
da/dN , versus the energy release rate ratio, G/GC, using log-log axis as shown in Figure
4.14(b). The parameters are calibrated by comparing with the the least squares best fit line
[9] of the experimental data of [10]. The fatigue damage parameters for mixed mode ratio
Ψ = 0.5 are calibrated to be: C = 1.47e12, β = 10.92, and λ = 0.5. In Figure 4.14(b), we
also show the Paris plots of pure mode I and pure mode II so as to show that the mixed
mode result is always bound by the two extremities.
Till now, we have calibrated the parameters C, β for three cases with mode ratio Ψ =
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Printed using Abaqus/CAE on: Wed May 30 15:33:57 Eastern Daylight Time 2012
Printed using Abaqus/CAE on: Wed May 30 15:37:44 Eastern Daylight Time 2012
(a) Zoom of the crack tip
Printed using Abaqus/CAE on: Wed May 30 15:34:39 Eastern Daylight Time 2012
(b) Partially delaminated specimen geometry
Figure 4.13: Contour plot of Mises stress on the partially delaminated specimen geometry
under mixed mode fatigue loading. The red zone around the crack tip shows the stress
concentration in the fracture process zone.
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Mixed Mode: DDZM




Figure 4.14: Numerical results for Mode II fatigue delamination
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{0, 0.5, 1.0} as given in Table 4.2. Note that the damage magnifier λ = 0.5 is calibrated to
Table 4.2: Summary of fatigue damage model parameters
units Mode I Mode II Mixed Mode
C cycle−1 3.6e10 1.8e5 1.47e12
β - 8.91 6.94 10.92
be a constant for all the three cases. Next, we propose a quadratic relation for evaluating
the parameters C and β for Ψ ∈ [0 1] as,
logC = c2Ψ
2 + c1Ψ + c0, (4.31)
β = b2Ψ
2 + b1Ψ + b0, (4.32)
where c2 = −39.25,c1 = 27.04, c0 = 24.31, b2 = −11.98. b1 = 10.01, and b0 = 8.91. The
curves of C and β versus mode ratio Ψ are shown in Figure 4.15(a). Then, for two values
of mode mix ratios Ψ = {0.25, 0.75} we validate the model results with those of Blanco et
al. [9]. The plots in Figure 4.15(b) show good agreement.
Remark 15 Note that in the MMB test, if we apply a constant load M to the specimen
arms instead of a load P , then the moment in the beam will be a constant and independent
of the crack length a0. Therefore, the energy release rate at the delamination front will be
independent of crack length and the crack growth rate will be a constant with number of
cycles. The Paris plots are the same for an applied moment or load since the initial crack
length a0 is much larger than the increase in crack length ∆a for a small number of cycles
∆N . So, the increase in crack length does not affect calculations of the crack growth rate
da/dN ≈ ∆a/∆N .
4.3.4 Delamination at elevated temperatures
In this section, we calibrate the temperature dependence of fatigue delamination from the
experimental data of Sjo¨gren et al. [88]. We plot the data available at two different tem-
peratures T = 20◦ C (room temperature) and T = 100◦ C for each of the three mode cases:
pure mode I, pure mode II and mixed mode with Ψ = 0.5, as shown in Figure 4.16. The
CHAPTER 4. DISCRETE DAMAGE ZONE MODEL FOR TEMPERATURE
DEPENDENT FATIGUE DELAMINATION IN COMPOSITES 79



























 : Blanco et al. (2004)
 : DDZM
 : Blanco et al. (2004)
(b) Validation of the model
Figure 4.15: Crack propagation rate vs. normalized strain energy release rate for validation
tests at mode ratio Ψ = 0.25 and Ψ = 0.75, and the distribution of parameters of C and β
over mode ratio Ψ, where c1 = −39.25,c2 = 27.04, and c3 = 24.31, b1 = −11.98. b2 = 10.01,
and b3 = 8.91
.
experiments report that damage under fatigue loading occurs at a faster rate at elevated
temperatures under both pure mode I and mixed mode loading, shown in figures 4.16(a)
& 4.16(c); whereas, the damage rate seems to be unaffected by temperature under pure
mode II loading, shown in Figure 4.16(b). For both pure mode I and mixed mode, a single
value for the damage activation energy, Q = 25 KJ/mol seems to fit the experimental data
reasonably well, particularly, for moderate values of load P . As per the definition in (4.8),
Q only affects the fatigue damage coefficient C because we approximate that only the inter-
cept of the Paris plot logC depends on temperature whereas β does not. However, the best
fit curves show that both slight dependence of the slope β of the Paris plots on temperature.
More detailed experiments are required to accurately calibrate the temperature dependence
for various mode mix ratios and to even improve the relation proposed in (4.8).
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T=373K: Sjo¨gren & Asp (2002)
T=373K: DDZM
T=293K: Asp et al. (2001)
T=293K: DDZM
(c) Mixed mode with Ψ = 0.5
Figure 4.16: Paris plots of mode I, mode II and mixed mode with Ψ = 0.5 fatigue delami-
nation at room temperature and high temperature
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Chapter 5
Conclusions
In Chapter 2, we propose a special construction of the Ramp function to be used as a crack
tip enrichment function for general inelastic materials. In the literature, there are very
few materials where the analytical field near the tip may be obtained and exploited, e.g.
Branch functions in linear elasticity and HRR fields in elasto-plastic materials. However,
for an entire range of materials, analytical solutions may not be available and if the crack
tip singularity exists, its strength is usually unknown. Hence, previous work in XFEM
for complex material models only considered the Heaviside function as the tip enrichment.
However, employing the Heaviside function is not ideal since it causes the numerical crack
tip to propagate to the edge of the tip element. In other words, some of the benefits of
XFEM (mesh independence) may not be fully realized for such materials.
To overcome this limitation, we propose a special Ramp function as the tip enrichment
function for general nonlinear materials. Moreover, we introduce a length scale, which
allows the user to control the slope of the Ramp function, making the enrichment function
more flexible and better suited for general materials. The results show good convergence
behavior compared with the Heaviside enrichment function.
In Chapter 3, a discrete damage zone model (DDZM) has been developed, based on the
notion of continuum damage mechanics to simulate the delamination process using discrete
interface (spring) elements wherein damage is allowed to evolve in both the interface and
continuum elements. For isotropic materials the same damage model is implemented in
the continuum as well as discrete elements, which is more suitable as fracture may occur
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anywhere in the domain, not necessarily in the interface elements. The procedure for
deriving the constitutive law of the springs from a material damage law is simple and
straightforward. In addition, the irreversibility of damage in a loading/unloading case is
accounted for in the current model. In all the numerical examples for static analysis,
including single mode and mixed mode, the proposed approach has shown good agreement
with analytical results and/or VCCT results. The numerical investigation of the mixed
mode bending test with same and different fracture energies (GIC, GIIC) demonstrates the
convergence to the corresponding analytical solutions of beam theory and LEFM. In all the
benchmark examples the crack path is aligned with the mesh and so the damage accumulates
only in the interface elements while the damage in the continuum elements is negligible.
Therefore, the numerical results are quite close to the LEFM solution or the VCCT results.
The model is able to capture the failure in fiber-matrix composites involving fiber debonding
as well as brittle matrix cracking, thus, illustrating its suitability for investigating fracture
in composites. The method offers a lot of flexibility in choosing different damage models
that govern failure in different types of materials.
In Chapter 4, the DDZM approach is extended to account for fatigue loading. For fatigue
analysis, the irreversibility of damage automatically accounts for the permanent reduction
of material stiffness, which renders the method suitable for modeling low cycle fatigue using
cycle-by-cycle analysis (see Appendix F), although, in this thesis we mainly consider high
cycle fatigue loading. The approach is similar to that presented in [95] but the proposed
model incorporates the following improvements/modifications: (1) the interface element is
discrete spring placed at the finite element nodes; (2) the constitutive law of the discrete
element is derived entirely from damage laws by combining Mazars law for static damage
growth [103] and Peerlings law for fatigue damage growth [94]; (3) a quadratic criterion
describes the fatigue delamination for varying mode mix ratios; and (4) an Arrhenius type
relation captures the temperature dependence of fatigue damage. As in the static case,
the formulation is general and offers significant flexibility so that the user can incorporate
appropriate damage models that describe interface failure or delamination under different
loading and environmental conditions. Further, damage can also be incorporated in the
continuum surrounding the interface, which may be critical in the case of fiber-matrix
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composites wherein matrix cracking and fiber fracture can lead to structural failure [2].
The fatigue model parameters were calibrated under pure mode I, pure mode II and
mixed mode with Ψ = 0.5 and the proposed quadratic relation given by (4.32) was used to
evaluate the parameters for other mode mix ratio. Then, the model results are validated
against published numerical results of [9] demonstrating its viability. We believe, the current
model would be extremely useful in studying delamination in structural components wherein
curved geometries and different lamina ply orientation can result in varying mode mix
ratios. Next, the experimental observations of [10] suggest that delamination under mode
I or mixed mode is temperature dependent whereas delamination under mode II is almost
temperature independent. A simple temperature dependence model given by an Arrhenius
type relation, that introduces one extra parameter (i.e. activation energy Q), seems to work
well under pure mode I and mixed mode with Ψ = 0.5. However, more detailed experiments
are needed to understand the underlying mechanisms that contribute to different behavior
under varying mode mix ratios including pure mode II so as to improve the model.
Future work will consider the combination of XFEM and DDZM to obtain complete mesh
independent models. This will be achieved by introducing DDZM concepts into the enriched
degrees of freedom in XFEM. In addition, we will extend DDZM to study general material
(current studies only considered composite laminates), such as polymers, and would need
modifications to the damage model. In the future, we shall also work towards modifying
the damage model so as to incorporate rigorous physics based damage models to investigate
the effects of dynamics, such as impact and blast. The uncertainties inherent to the crack
initiation and growth process, possibly due to the variability of the material properties, will
also be considered by incorporating random fields into the model.
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Appendix A
Micro-cracks Modeling with the
Ramp function in XFEM
In this example, we illustrate the advantage of the Ramp enrichment function in modeling
micro-cracks [132]. Micro-cracks typically occur in many brittle materials [133], e.g. con-
crete under various loading conditions, which should be considered in the modeling due to
various effects. For instance, it is well known that micro-cracks may shield a macro crack
lowering its dominant stress intensity factor [134]. Some other approaches have also consid-
ered homogenizing micro-cracks into one macro crack [135]. In the current example, shown
in Figure A.1, a macro crack and ten micro-cracks are modeled in a two dimensional plate
under Mode I loading conditions. The micro-cracks have been randomly distributed in the
domain. Figure A.1(b) and A.1(c) show the deformed shape and a zoom of a particular
region. Due to its simplicity and fast processing, the proposed approach can be extended
to include multiple cracks. Thus avoiding the expensive Branch function enrichment, that
requires 8 and 12 additional degrees of freedom per node in 2D and 3D respectively.
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(a) (b) (c)
Figure A.1: Micro-cracks application with a modified Ramp function as tip enrichments:
(a) XFEM mesh and enriched nodes; (b) Deformed shape with one macro crack and ten
micro-cracks; (c) Magnified region with micro-cracks
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Appendix B
Connection of DDZM to Potential
Based Method
In addition to the proposed damage based constitutive law, there are alternative ways to
characterize the interactions, such as traction based [64], displacement based [136] and po-
tential based models [62, 119]. In this section, the connection between the proposed DDZM
and potential based models, such as Xu and Needleman [62] exponential potential function
and PPR model [119], will be studied.
Xu and Needleman: The detailed expressions of Xu and Needleman’s exponential poten-
tial function are in the reference [62], as well as the normal and shear traction separation
laws derived from the potential function. Figure B.1 shows the typical shape of these two
curves.













Compare the traction expression derived from damage based method, shown in Equation
3.10 and the one given in Equation B.1. It is not difficult to figure out that these two
tracition separation laws are identical, which means the exponential damage based method
is equivalent to the exponential potential based method. Note that the damage based
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Figure B.1: Potential based constitutive laws (a) Normal traction separation law (b) Shear
traction separation law
method is more flexible, since the damage model is chosen accordingly to different mate-
rials and the damage model can be implemented in both discrete interfacial elements and
the bulk material elements.
PPR model: The PPR (Park-Paulino-Roesler) model is a unified polynomial potential
based cohesive model [119]. By varying two parameters α and β in the potential expres-
sion, one shall obtain different traction separation laws with various softening rate. The
connection between the DDZM and PPR model is made by chossing the same strain energy
and changing the parameters of α and β to fit the DDZM model. Take the normal traction
for example, the numerical fit results are shown in Figure B.2.
In Figure B.2, when the parameter α is set to be: α = 7, the difference of traction sepa-
ration laws derived from PPR model and the DDZM becomes negligible, which means the
exponential damage based method is consistent with PPR model.
In addition, since the damage model and the T-S law are closly related, hence based on the
PPR model, the damage model extracted from the normal traction separation laws is given
as:












where, C is constant once the paramters α and β are determined. m is a function of variable
α. Similary, by changing the parameter α, the numerical fit results of the damage model
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Figure B.2: Comparisions of traction separation laws obtained from PPR model and the
DDZM
extracted from the PPR model are shown in Figure B.3.
As parameter α = 7, the damage evolution laws obtained from PPR model almost overlaps
the exponential damage model in DDZM, which proves the logic of the proposed DDZM
method. That is to derive the T-S law from the damage perspective and it is reasonable to
consider the degradation in material stiffness as a process of damage accumulation.
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Figure B.3: Comparisions of damage evolution laws obtained from PPR model and the one
applied in DDZM
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Appendix C
Path Dependence Study of the
DDZM
Energy dissipation varies due to separation paths in mixed mode delamination [119, 137].
In this appendix, the relationship between energy variation and separation path is studied.
The total work of separation is defined as follows:
Wsep = Wn +Wt (C.1)









Tt (∆n,∆t) d∆t (C.3)
where Γ is the separation path. Tn and Tt represent normal and tangential traction. Fol-



















The normal and tangential separation (∆n and ∆t) are proportional to separation path,
shown in Figure C.1. The mathematical expressions are defined as:








Figure C.1: Proportional separation path with respect to angle θ
∆n = ∆r sin(θ) (C.6)
∆t = ∆r cos(θ) (C.7)
where ∆r represents separation path in mixed mode and θ is the angle between separation
path and x direction in global Cartesian coordinate. The fracture parameters used in this
study are shown in Table C.1.
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The analytical energy variation with respect to proportional angle θ are shown in Figure
C.2. When separation angle θ is 90o, the model reduces to pure mode I delamination. Hence,
total work Wsep is equivalent to normal work Wn, and both increases from zero to mode I
fracture energy GIC as separation grows, while tangential work Wt remains zero. Similarly,
when separation angle θ is 0o, it is a pure mode II delamination. Wsep and Wt increases
from zero to mode II fracture energy GIIC, while WIC remains zero.
Figure C.2(a) and C.2(b) show the monotonicity of normal work Wn and tangential
work Wt as proportional angle θ changes from 0
o to 90o. The total work of separation Wsep
shown in Figure C.2(c), employed with a mixed mode criterion given in Algorithm 1, also
demonstrates the consistency of the method except a small range of separation.
The optimal range of the exponent in the mixed mode criterion is suggested to be
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Figure C.2: Energy dissipation with respect to proportional angle θ for ν = 1.0
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ν ∈ (1, 2) [95, 118]. However, from the perspective of energy consistency, a smaller ν may
improve the behavior of total energy dissipation. Herein, we study the affect of ν on energy
consistency and the results for ν = 0.8 are shown in Figure C.3. It can be seen that the
choice of ν affects the consistency in the mixed mode case. Thus, other values of ν as well
as different mixed mode criteria may provide more consistent results, which will be studied
in future work.





































































θ = 0 o
θ = 15 o
θ = 30 o
θ = 45 o
θ = 60 o
θ = 75 o
θ = 90 o
θ increasing
(c) total work
Figure C.3: Energy dissipation with respect to proportional angle θ for ν = 0.8
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Appendix D
Comparison of Convergence
between DDZM and CZM
It has been shown in the literature that the shape of the cohesive model, the values of frac-
ture properties and the finite element implementation schemes may affect the convergence
numerical results of Cohesive Zone Models [67–71]. Especially, the shape of softening region
of the cohesive model may cause convergence difficulties [4, 78, 79]. However, a discrete co-
hesive model can relieve some of the above mentioned problems [81, 82]. In this Appendix,
we present an example to compare the convergence between the proposed DDZM and CZM
on a problem with a simple setting.
Consider the geometry and set up of the problem as shown in Figure D.1. Fixed bound-
ary conditions are applied along the bottom edge. Displacement boundary conditions are
applied at the left end to initiate horizontal sliding. The material properties are the same
as the mode II simulation in chapter 3.2. The computational mesh, shown in Figure D.2(a)
and D.2(b), consists of 8 × 10 linear quadrilateral elements (CPS4). In Figure D.2(a), the
interface is modeled with four-node Abaqus cohesive elements (COH2D4), while in Fig-
ure D.2(b), the discrete spring elements are placed along the interface and the ”×”-mark
indicate their positions. This is the only difference between the two models.
Figure D.2(a) and D.2(b) represent the contour plot of Mises stress in the final step
for both methods, respectively. However, the CZM element encountered a convergence












Figure D.1: Geometry and boundary conditions for the convergence test. The dimensions
are: L = 10mm and H = 6mm
Printed using Abaqus/CAE on: Sun Aug 12 14:03:01 Eastern Daylight Time 2012
(a) Contour plot of Mises stress for interface modeled with CZMPrinted using Abaqus/CAE on: Sun Aug 12 14:01:12 Eastern Daylight Time 2012
(b) Contour plot of Mises stress for interface modeled with DDZM
Figure D.2: Contour plots of Mises stress for interface sliding. CZM suffers convergence
issues after short sliding while DDZM has no apparent convergence problems.
APPENDIX D. COMPARISON OF CONVERGENCE BETWEEN DDZM AND CZM96
difficulty which required a much smaller nonlinear increments than the default tolerance
and yet was not able to convergence when the sliding became large. We believe it is due
to significant element distortions. On the other hand, our implementation of the discrete
element continues to slide smoothly without any apparent convergence issues. Hence, this
study proves that the proposed DDZM offers better convergence and more flexibility in
simulating interfacial behaviors.
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Appendix E
Derivation of the Relationship
between ρ and Ψ
The mixed mode bending test was proposed by Reeder and Crews [7], shown in Figure E.1.











Figure E.1: The geometry and boundary conditions for mixed mode bending (MMB) test.
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This mixed mode bending (MMB) system can be considered as the superposition of Mode
I and Mode II [7], as shown in Figure E.2. Due to the y-axis symmetry of the mode II four
point end notch fracture (ENF) test, it is sufficient to consider one-half of the beam as a





































Mixed Mode Mode II
1
Figure E.2: Superposition analysis of the mixed mode bending (MMB) system (Redrawn
from Reeder and Crews [7])















Substituting the above two expressions for GI and GII into Equation 4.14 we get the






















An alternative mixed mode test is configured as shown in Figure E.3, which is equivalent
to the MMB test shown in Figure E.1. The forces applied on the upper and lower arm are
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(E.6)

























































Figure E.3: Geometry and boundary conditions for an alternative mixed mode bending
(MMB) test
From equation E.4 we get,
(












Substituting the above equation in equation E.7 we obtain the following relationship for the
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Appendix F
The Performance of A Discrete
Spring Element under Cycle by
Cycle Loading
All the numerical examples presented in Section 4.3 considered high cycle fatigue loading;
therefore, the numerically applied load was kept a constant and damage increments were
evaluated over a fixed number of cycles using the extrapolation technique described in
Section 4.2.2. However, the DDZM is also suited for low cycle fatigue loading by employing
a cycle-by-cycle analysis strategy. Note that the irreversibility of damage naturally accounts
for the permanent reduction of material stiffness once the interface separation δe is greater
than the critical separation δcre . In this section, we present a simple one element test
to demonstrate the applicability of the DDZM for low cycle fatigue. The set up of this
one element test is similar to that shown in Figure 4.1(b), except that the simulation is
displacement controlled, rather than force.
We consider two cases of loading histories as shown in Figure F.1. In case I the applied
displacement amplitude increases with time (see Figure F.1(a)), whereas in case II the dis-
placement amplitude is a constant (see Figure F.1(b)). Note that the time here is interpreted
as pseudo-time, henceforth, no units for time are specified. From time t = 0 − 0.5 units
the displacement is gradually increased to the maximum value (amplitude) and during this
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initial loading ramp we assume no fatigue damage accumulation; however, if the displace-
ment amplitude is greater than the critical separation then static damage will accumulate
since it is monotonic loading step. The dashed line in Figures F.1(a) and F.1(b) indicates
the initial loading ramp. For times t > 0.5 units damage evolves in the discrete element
during the loading cycles. The force-displacement curves for both cases obtained from the









(a) Case I loading









(b) Case II loading
Figure F.1: Displacement loading history for single spring fatigue simulations under cyclic
loading
numerical analysis are shown in Figure F.2(a), which describe the constitutive behavior of
the discrete element under low cycle fatigue. An important issue that we need to consider
during cycle-by-cycle analysis is that of irreversibility of damage to ensure no damage ac-
cumulates during the unloading regime of a load cycle. This has been incorporated in the
computational algorithm as follows:
if(δe(t+ ∆t)− δe(t)) > 0
then ∆Df > 0 (loading regime)
else
then ∆Df = 0 (unloading regime)
end if
The above procedure is similar to that employed in the references [89, 90]. Since there
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(c) Case II: damage vs. separation
Figure F.2: Constitutive law for single spring element under loading histories shown in
Figure F.1 using cycle-by-cycle analysis. Note that the force F and damage D are a function
of the cycles
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is no damage evolution during the unloading regime the F − δ curves must be linear, as
shown in Figure F.2(a). Note that in the case of high-cycle fatigue we are only interested
in determining the damage accumulated over a certain number of cycles and so we do not
check for the loading and unloading regimes for each individual cycle. Next, let us study the
damage-displacement curves obtained from cycle-by-cycle analysis. For case I, the damage is
due to both static and fatigue components as shown in Figure F.2(b), but the static damage
component increases more rapidly as the displacement amplitude increases with each cycle.
For case II, since the applied displacement amplitude is kept a constant, the static damage
component remains a constant during the loading cycles as shown in Figure F.2(c), that
is, D˙s = 0 for t > 0.5 units. The parameters used for this analysis are: K
0=9.4e3 N/mm;
δcr =3.2e-3 mm; δf =3.2e-2 mm; β = 2; λ = 0.5; C = 5 (Case I); C =4e2 (Case II). Thus,
case I is static damage dominated and case II is fatigue damage dominated since we choose
a larger value of C for the latter.
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